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CAD Assembly

76 components

32 identical
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Actual Situation

3D solid modeling

Kinematic and dynamic motion analysis

Capture time dependent displacements, reaction forces

Export entire assembly to single step, iges file

Loss of parametric advantages and feature based design

Artificial boundary conditions
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Actual Situation

3D solid modeling

Kinematic and dynamic motion analysis

Capture time dependent displacements, reaction forces

Export entire assembly to single step, iges file

Loss of parametric advantages and feature based design

Artificial boundary conditions

Domain decomposition - mathematical substructuring

Parallel solution

Exhaust manifold, Renault
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CAD Assembly - Exploded View
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CAD Based Decomposition

Design oriented decomposition: materials, physical properties

Stable mathematical models, geometrical regularity of subdomains

Contact regions generated by CAD, hight level of accuracy

Mesh linked to the appropriate, independent geometry

Diverse element types and variational principles

Update of modified components, reuse of existing data

Parallel mesh generation
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Domain Decomposition

Model problem : Find u ∈ V such that ∀v ∈ V∫
Ω E(x)ε(u) : ε(v) =

∫
Ω fv +

∫
∂Ω fv

E(x) elasticity tensor, ε(u) = 1
2(∇u +∇uT )

Suppose Ω is divided into K subdomains :

Ω = ∪K
k=1Ωk , Ωk ∩ Ωl = ∅, k 6= l

S = ∪K
k=1∂Ωk\∂Ω

uk ∈ Vk - finite-dimensional space defined on Ωk

Hypothesis : If u is known on S, the global problem

could be reduced to K local, independent problems

Recall : Geometrical continuity on skeleton
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Substructuring Algorithms :: Schur Complement

u1,u2,u3 - internal nodes, interface K1 0 K13
0 K2 K23
KT

13 KT
23 K3

  u1
u2
u3

 =

 f1
f2
f3


By substructuring, Schur complement matrix:

S u3 = F
S ≡ K3 −

∑
KT

i3 K−1
i Ki3

F ≡ f3 −
∑

KT
i3 K−1

i fi
Local solution :

ui = K−1
i (fi − Ki3 u3)

Expensive for large scale problems or multiple subdomains
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Dirichlet-Neumann Method

Consider an initial guess u0
s on the interface S :

L un+1
1 = f1 in Ω1

un+1
1 = g1 on ∂Ω1\S

un+1
1 = un

s on S

L un+1
2 = f2 in Ω2

un+1
2 = g2 on ∂Ω2\S

∂un+1
2
∂n2

= −∂un+1
1
∂n1

on S

Correct the solution us until conversionce, relaxation parameter θ :

un+1
s = (1− θ) un

s + θ un+1
2

Quarteroni et al.
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Primal Method :: Neumann-Neumann

Initial solution u0
s on S :

L un+1
k = fk in Ωk

un+1
k = gk on ∂Ωk\S

un+1
k = un

s on S

L ψn+1
k = 0 in Ωk

ψn+1
k = 0 on ∂Ωk\S

∂nψ
n+1
k = [∂nun+1

k,l ] on S

un+1
s = un

s − θ (ψn+1
k + ψn+1

l )

Glowinski, Le Tallec

11/24TGDA 2009, Kirill Gostaf



Dual Method :: Dirichlet-Dirichlet

Initiale solution u0
s on S :

L un+1
k = fk in Ωk

un+1
k = gk on ∂Ωk\S

un+1
k = un

s on S

L ψn+1
k = 0 in Ωk

ψn+1
k = 0 on ∂Ωk\S

∂nψ
n+1
k = [∂nun+1

k,l ] on S

un+1
s = un

s − θ (ψn+1
k + ψn+1

l )

Initial flux λ0 on S :

L un+1
k = fk in Ωk

un+1
k = gk on ∂Ωk\S

∂nun+1
k = λn on S

L ψn+1
k = 0 in Ωk

ψn+1
k = 0 on ∂Ωk\S

ψn+1
k = [un+1

k,l ] on S

λn+1 = λn − θ(∂nψ
n+1
k − ∂nψ

n+1
l )
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FETI◦ and Mortar Method•

Find u which minimizes : J(v) = a(v, v)− (f , v)− (λ, v)Γ K1 0 BT
1

0 K2 −BT
2

B1 −B2 0

  u1
u2
λ

 =

 f1
f2
0


Bi - connectivity boolean matrix, λ - Lagrange multiplier

The Mortar operator :

Φ = Tr(u|Ω−k ) 1 ≤ k ≤ K

Matching condition on each non-mortar (weak sense) :

∀ψ ∈ W ,
∫
γ+ (Tr(u|Ω+

k
)− Φ(u)) ψ dγ = 0

◦Farhat,Roux •Bernardi,Maday,Patera
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Numerical Solution 2D

5 domains :: Linear Elasticity
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elastic.swf
Media File (application/x-shockwave-flash)



CAD Driven Contact Surfaces
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Conforming Mesh
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Conforming Mesh
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Nonconforming Discretization

Border integral :
∫

Γ eΩk
i eΩl

j dΓ

Fast non-conforming interface projections, M.Gander

A mortar segment-to-segment frictional contact method for large

deformations, T.Laursen et.al.
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Geometric Discontinuity

Freefem++ 3D version

fespace Vh1(D1,P13d); fespace Vh2(D2,P13d);
fespace Vhs(D1,P13d);
Vh1 u1,v1; Vh2 u2,v2; Vhs Lam;

problem pb1(u1,v1) = pbDefine(1) + int2d(D1,1)(Lam*v1);

problem pb2(u2,v2) = pbDefine(2) + int2d(D2,1)(-Lam*v2);

Barycentric coordinates : −ε < λi < 1 + ε
FreeFem++

FreeFem3D
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Solution Extension

IsoValue
-0.0200919
0.010046
0.0301379
0.0502298
0.0703218
0.0904137
0.110506
0.130598
0.15069
0.170781
0.190873
0.210965
0.231057
0.251149
0.271241
0.291333
0.311425
0.331517
0.351609
0.401839

IsoValue
-0.0225909
0.00945283
0.0308153
0.0521779
0.0735404
0.0949029
0.116265
0.137628
0.15899
0.180353
0.201715
0.223078
0.24444
0.265803
0.287165
0.308528
0.32989
0.351253
0.372615
0.426022

Extension Ik : Vk 7→ V
- by zero

- linear

- virtual midpoint

- best neighbors

Augmented Skeleton -

- set of elements that share border vertices
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Numerical Test :: Holder

We study the influence of geometric discontinuity for curved contact

boundaries. Gaps and intersections are of characteristic size h.

We verify the jump of the mono-domain solution

across the boundary:

e =
[∫
γ (u|Ωk

−Ml→ku|Ωl
)2dγ

] 1
2
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Linear extension
Constant extension
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Numerical Test :: Chassis
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Dirichlet−Neumann
Dirichlet−Dirichlet
FETI with mortars

Problem of linear elasticity is solved.

Displacements imposed on partition

of boundary for each subdomain.

Linear solution extension.

Node 2.4GHz, 1Gb. CPU 32sec/iter.

D1:51814, D2:108790, D3:23192 elements.
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Numerical Test :: Chassis
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Coarse mesh
Medium
Fine
Mixed

Problem of linear elasticity is solved.

Displacements imposed on partition

of boundary for each subdomain.

Linear solution extension.

Node 2.4GHz, 1Gb. CPU 32sec/iter.

D1:51814, D2:108790, D3:23192 elements.
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Conclusions and Perspectives

CAD based automatic substructuring, contact surfaces

Component dependent FE model /element types, variational principals

Mesh linked to geometry

Diverse types of solution extension

Error convergence independent of mesh refinement

Parallelism and modularity

Numerical tests for large number of subdomains

Contact treatment: sliding, collision
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