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In the following, we consider simplicial homology with coefficients in a field k, omitted in the
notations. By Hp(X) we denote the p-th homology group of space X. For background on homology
theory, see Chapter 1 of [13].

1 Persistence modules

Definition 1. Given an index set T ⊆ R, a filtration over T is a family of topological spaces
F = {Ft}t∈T that is nested with respect to inclusion, that is:

∀t ≤ t′ ∈ T, Ft ⊆ Ft′ .
Examples of such filtrations include:

• the offsets P t =
⋃
p∈pB(p, t) of a compact set P ⊂ Rd, where B(p, r) is a shorthand for the

Euclidean ball of center p and radius t;

• the sublevel sets Ft = f−1((−∞, t]) or superlevel sets F t = f−1([t,+∞)) of a real-valued
map.

Applying the p-th homology functor Hp to a filtration, we obtain a persistence module, i.e. a family
of vector spaces and linear maps as follows:

Definition 2. Given an index set T ⊆ R, a persistence module V over T is a family of vector
spaces {Vt}t∈T together with a family of linear maps {vt′t : Vt → Vt′}t≤t′∈T that satisfies the
following conditions (where 1X denotes the identity of X):

∀t ∈ T, vtt = 1Vt ,

∀t ≤ t′ ≤ t′′ ∈ T, vt
′′
t′ ◦ vt

′
t = vt

′′
t .

Let V be a persistence module over an index set T ⊆ R. We want to decompose V as a direct
sum of indecomposable persistence modules:

V ∼=
⊕
j∈J

Vj , (1)

where each indecomposable summand Vj is an interval module I[b∗j , d∗j ], defined as follows:

I[b∗j , d∗j ] = 0
0 // · · · 0 // 0

0 // k
1 // · · · 1 // k

0 // 0
0 // · · · 0 // 0︸ ︷︷ ︸

i<b∗j

︸ ︷︷ ︸
[b∗j , d

∗
j ]

︸ ︷︷ ︸
i>d∗j

(2)

Note that the direct sum in (1) is defined pointwise, that is, every space Vt is isomorphic to
the direct sum of the spaces V j

t . The notation [b∗j , d
∗
j ] in (2) indicates that the interval may be

indifferently closed, open, or half-open.
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Theorem 3 (Decomposition). A decomposition such as (1) holds at least in the following cases:

• when the index set T is finite and the spaces Vt of V are arbitrary [1, 10],

• when T is arbitrary and every space Vt is finite-dimensional ( V is then called pointwise
finite-dimensional) [7, 14].

Moreover, whenever it exists, the decomposition is independent of the choice of base field k, and it
is unique up to isomorphism and permutation of the terms in the direct sum [2].

When a persistence module V decomposes into interval modules as in (1), its algebraic structure
is fully described by the corresponding collection of intervals, called its barcode. (Almost) equiva-
lently, the decomposition can be represented as a persistence diagram, i.e. a multiset of points in
the extended plane R̄2 = [−∞,+∞]2, where each point (b, d) corresponds to a copy of the interval
[b∗, d∗]:

dgm(V) = {(bj , dj) | j ∈ J} ⊂ R̄2.

Unfortunately, not all persistence modules of interest in applications can be decomposed into in-
terval modules as in (1). Here is an example:

Example 4. Take the compact set {0} ∪ {( 1
n , 0) | n ≥ 1} in the plane, and consider its offsets

filtration, indexed over the infinite set T = R+. The induced persistence module in 0-th homology
is also indexed over T , and at t = 0 it has infinite dimension, therefore it satisfies none of the
sufficient conditions from Theorem 3.

The solution to this is the concept of q-tameness, defined as follows:

Definition 5. A persistence module V indexed over T is q-tame if the maps vt
′
t have finite rank

for all t < t′ ∈ T . Note the difference with the pointwise finite-dimensionality from Theorem 3, in
which the maps vtt = 1Vt also have finite rank.

Even though they may not always be decomposable into intervals, q-tame modules can be
assigned well-defined persistence diagrams [3, 5]:

Theorem 6. Every q-tame persistence module V has a well-defined persistence diagram dgm(V).

2 Stability

The space of persistence diagrams is naturally equipped with a matching distance called the bottle-
neck distance. Specifically, a partial matching M between two multisets A,B in the plane, denoted
M : A ↔ B, is a subset of the product A × B whose canonical projections onto A and B are
injective, that is,

∀a ∈ A, there is at most one b ∈ B s.t. (a, b) ∈M,

∀b ∈ B, there is at most one a ∈ A s.t. (a, b) ∈M.

The cost of a matched pair (a, b) is their `∞-distance ‖a − b‖∞, while the cost of an unmatched
point x ∈ A∪B is its `∞-distance to the diagonal ∆ = {(y, y) | y ∈ R̄}. The bottleneck cost of M ,
denoted c(M), is then the supremum of these costs, and the bottleneck distance between A and B,
denoted db(A,B), is the infimum of the bottleneck costs over all partial matchings A↔ B:

db(A,B) = inf
M :A↔B

c(M). (3)
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Our first stability result concerns persistence modules induced at the homology level by sublevel-
sets filtrations of functions. It was proven in a restricted form in [6], then in its general form in [5].
We call q-tame any real-valued function whose sublevel-sets filtration induces a q-tame persistence
module at the p-th homology level for every homology dimension p. In this case we denote by
dgmp(f) the associated persistence diagram, and by dgm(f) the collection of these diagrams for
all p ∈ N. Given another real-valued function g, the bottleneck distance between their persistence
diagrams is computed for each homology dimension p separately, and the supremum over all p ∈ N
is denoted by db(dgm(f), dgm(g)).

Theorem 7 (Stability for functions).
For any q-tame functions f, g : X → R, db(dgm(f), dgm(g)) ≤ ‖f − g‖∞.

The proof of this theorem relies on the observation that, when ‖f − g‖∞ is at most say ε, the
sublevel-sets filtrations F of f and G of g are ε-interleaved as follows:

∀t ∈ R, Ft ⊆ Gt+ε and Gt ⊆ Ft+ε. (4)

More precisely, for all indices t ≤ t′ ∈ R we have the following commutative diagram of sublevel
sets and inclusion maps:

Ft //

��

Ft′

��
Gt+ε // Gt′+ε

Ft+ε // Ft′+ε

Gt //

BB

Gt′

AA

Ft //

!!

Ft+2ε

Gt+ε

;;
Ft+ε

##
Gt //

==

Gt+2ε

After applying the p-th homology functor Hp, we get a commutative diagram of vector spaces
and linear maps, which involves the persistence modules Hp(F) and Hp(G) together with the cross
maps φt : Hp(Ft) → Hp(Gt+ε) and ψt : Hp(Gt) → Hp(Ft+ε) induced at the homology level by the
inclusions Ft ↪→ Gt+ε and Gt ↪→ Ft+ε. For simplicity of notations, let us rename Hp(F) = V and
Hp(G) = W:

Vt //

φt

��

Vt′
φt′

��
Wt+ε

//Wt′+ε

Vt+ε // Vt′+ε

Wt
//

ψt

BB

Wt′

ψt′
AA

(5)

Vt //

φt !!

Vt+2ε

Wt+ε

ψt+ε

;;
Vt+ε

φt+ε

##
Wt

//

ψt

==

Wt+2ε

(6)

This is what we call an ε-interleaving between persistence modules. As one can see, it is the
direct translation, at the algebraic level, of the interleaving between filtrations, although it does
not actually need filtrations to start with in order to be stated.

Definition 8. Let V,W be two persistence modules over R, and let ε ≥ 0. An ε-interleaving
between V,W is given by two families of linear maps (φt : Vt →Wt+ε)t∈R and (ψt : Wt → Vt+ε)t∈R
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such that the diagrams (5) and (6) commute for all t ≤ t′ ∈ R. The interleaving distance between
V and W is

di(V,W) = inf {ε ≥ 0 | there is an ε-interleaving between V and W} . (7)

Note that there are no conditions on the persistence modules V,W, which can be arbitrary as
long as they are defined over the same ground field k. When there is no ε-interleaving between V
and W for any ε ≥ 0, we let di(V,W) = +∞.

We can now rephrase Theorem 7 at the algebraic level directly. The proof can be found in [5].

Theorem 9 (Stability for persistence modules).
For any q-tame persistence modules V,W, db(dgm(V), dgm(W)) ≤ di(V,W).

It turns out that the inequality is in fact an equality, so the map V 7→ dgm(V) is an isometry
from the space of q-tame persistence modules into the space of persistence diagrams. The converse
inequality db(dgm(V), dgm(W)) ≥ di(V,W) is proven in [11].

3 Computation

From now on we assume for simplicity that the field of coefficients is k = Z2. The persistence
algorithm can be adapted to work with any arbitrary finite field. Suppose we are given a filtration
K composed of finitely many finite simplicial complexes:

∅ = K0 ⊆ K1 ⊆ K2 ⊆ · · · ⊆ Km = K. (8)

Suppose also that the difference Ki \ Ki−1 is composed of only one simplex σi for every i =
1, · · · ,m. Thus, the filtration is obtained by adding one simplex at a time, and the insertion order
is compatible with the face order in K, that is, every simplex appears after its proper faces.

Given this input, the algorithm builds a square m ×m matrix M representing the boundary
operator on the chains of simplices of K of all dimensions. Specifically, M has one row and one
column per simplex of K, with Mij = 1 if σi is a face of codimension 1 of σj and Mij = 0 otherwise.
Moreover, for the needs of the algorithm, the rows and columns of M are ordered as the simplices
in the sequence of (8). Since the sequence is compatible with the face order in K, the matrix M is
upper-triangular.

Once M is built, the algorithm adds columns from left to right until the matrix is reduced
to column-echelon form. The pseudo-code is given in Algorithm 1, where low(j, R) denotes the
row index of the lowest nonzero entry in column j of the matrix R—low(j) = 0 if column j is
entirely zero.

Algorithm 1: Matrix reduction

Input: m×m binary matrix M
1 Let R = M ;
2 for j = 1 to m do

3 while there exists k < j with low(k,R) = low(j, R) 6= 0 do

4 add (modulo 2) column k to column j in R;
5 end

6 end

Output: R
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Figure 1: Left: filtration of a solid triangle (each simplex is marked with its index in the sequence).
Center: the corresponding boundary matrix M , where stars mark the nonzero entries. Right: the
reduced matrix R, where lowest nonzero entries are marked with 1’s while the other nonzero entries
are marked with stars.

Upon termination, the matrix R has the desired column-echelon form. In particular, it has the
property that the lowest nonzero entry of every nonzero column lies in a unique row. Its structure
is interpreted as follows:

• every zero (resp. nonzero) column j corresponds to a positive (resp. negative) simplex σj ,

• every nonzero column j is paired with the column i = low(j, R) and gives rise to a summand
I[i, j) in the interval decomposition of the induced persistence module Hp(K) at the p-th
homology level, where p = dimσi,

• every unpaired zero column j gives rise to a summand I[j,+∞) in the interval decomposition
of Hp(K), where p = dimσj .

The crux of the analysis it to prove this interpretation correct. Formally:

Theorem 10 ([8]). Unpon termination, the simplicial chains σ̂1, · · · , σ̂n represented by the columns
of R yield a partition F tG tH of the index set {1, · · · , n}, and the pivots in the column-echelon
form induce a bijective pairing G↔ H, such that the following conditions hold:

(i) For every index i, the chains σ̂1, · · · , σ̂i form a basis of the chain group of Ki,

(ii) For every index f ∈ F , ∂σ̂f is a cycle, i.e. ∂σ̂f = 0,

(iii) For every pair of indices (g, h) given by the pairing G↔ H, ∂σ̂h = σ̂g and so σ̂g = 0.

Note that item (i) is equivalent to the assertion that the leading term of each simplicial chain σ̂i
is σi. Thus, the set F identifies the positive simplices which do not get paired, the set G identifies the
positive simplices that do get paired, and the set H identifies the corresponding negative simplices.

The proof of the theorem is a sequence of simple lemmas. Although there is no record in the
official literature, it can be found in some course notes such as [4, §12.5].

Example 11. Take the simplicial filtration K shown in Figure 1. From the reduced boundary
matrix we can read off the interval decomposition of the persistent homology of K:

H0(K) ∼= I[1,+∞)⊕ I[2, 4)⊕ I[3, 5)

H1(K) ∼= I[6, 7)

Observe that the essential feature I[1,+∞) gives the homology of the solid triangle as expected.
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The time complexity of the algorithm is at most cubic in the number m of simplices of K. To
see this, observe that the j-th iteration of the for loop modifies only the j-th column of the matrix,
therefore every column k < j is considered at most once by the inner while loop at that iteration.
Moreover, each column k can store the row number of its lowest entry once and for all after the
k-th iteration of the for loop, so finding k such that low(k,R) = low(j, R) at a subsequent iteration
j can be done in time O(j). Thus, the running time of the algorithm is indeed O(m3). A more
careful analysis—see e.g. [9, §VII.2]—using a sparse matrix representation for M gives a tighter
running-time bound1 in O(

∑m
j=1 p

2
j ), where pj = j if simplex σj is unpaired and pj = j − i if σj

is paired with σi. The quantity
∑m

j=1 p
2
j is of the order of m3 in the worst case, and a worst-case

example on which the total running time is indeed cubic can be found in [12]. However,
∑m

j=1 p
2
j is

typically much smaller than that in practice, where worst-case scenarios are unlikely to occur and
a near-linear running time is usually observed.
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