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What is Topological Data Analysis (TDA)?

[Cell population -
cytometry - MetaFora
courtesy]

[Porous material (IFPEN courtesy)] [Sensors (Sysnav courtesy)]

Modern data carry complex, but important, geometric/topological structure!



What is Topological Data Analysis (TDA)?
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Persistence diagram

Topol. features

(e.g- persistence)

Topological Data Analysis (TDA) is a recent field whose aim is to:

e infer relevant topological and geometric features from complex data,

e take advantage of topological /geometric information for further Data

Analysis, Machine Learning and Al tasks:
- using topological features in ML pipelines,

- taking advantage of topological information to improve ML pipelines.



A classical TDA pipeline
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1. Build a multiscale topol. structure on top
of data: filtrations.

2. Compute multiscale topol. signatures:
persistent homology

3. Take advantage of the signature for further
Machine Learning and Al tasks: Statistical
aspects and representations of persistence

Representations of
persistence



Simplicial complexes

o
0-simplex: 1-simplex: 2-simplex: 3-simplex: etc
vertex edge triangle tetrahedron

Given a set P = {po,...,pr} C R® of k + 1 affinely independent points, the k-
dimensional simplex o, or k-simplex for short, spanned by P is the set of convex

combinations
k k
Z)\Z p;, with Z)\Z =1 and X; > 0.
i=0 i=0

The points pg, ..., pr are called the vertices of o.



Simplicial complexes

A (finite) simplicial complex K in R% is a (finite) collection of simplices such that:

1. any face of a simplex of K is a simplex of K,

2. the intersection of any two simplices of K is either empty or a common face
of both.

The underlying space of K, denoted by |K| C R is the union of the simplices of K.



Abstract simplicial complexes

Let P be a set. An abstract simplicial complex
K with vertex set P is a set of finite subsets of
P satistying the two conditions :

1. The elements of P belong to K.
2. fte K and 0 C 7, then 0 € K.

The elements of K are the simplices.

IMPORTANT

Simplicial complexes can be seen at the same time as geometric/topological spaces
(good for top./geom. inference) and as combinatorial objects (abstract simplicial
complexes, good for computations).



Homology in a nutshell (with coeff. in Z/27.)

Formalize the notion of connected components, cycles/holes, voids... in a topological
space (here we will restrict to simplicial complexes).

e 4 cycles (1-dim homology)



Homology in a nutshell (with coeff. in Z/27.)

The space of k-chains:

Let K be a d-dimensional simplicial complex. Let k € {0,1,---,d} and
{o1,--+,0,} be the set of k-simplices of K.
k-chain:

p

c = Z&'Uz' with ¢; € Z/27 = {0, 1}

i=1

Sum of k-chains:
p p
c+c = Z(‘S’L +e)o; and A.c= Z()\sg)ai
1=1 =1

where the sums ¢; + €/ and the products \e; are modulo 2.



Homology in a nutshell (with coeff. in Z/27.)

The boundary operator:

The boundary do of a k-simplex o is the sum of its (k — 1)-faces. This is a
(k — 1)-chain.

k

Ifo=[vo, - ,vk] then Opo =) (=1)[vg---D;---vg]
1=0

The boundary operator is the linear map defined by

0k3 Ck(K) — Ck_l(K)
c — o= .00

akakﬂ 1= O © akﬂ =3,



Homology in a nutshell (with coeff. in Z/27.)

Cycles and boundaries:

The chain complex associated to a complex K of dimension d

0 = CalK) 5 Cama(K) =+ Coga (K) 5 Cu(K) =+ Ci(K) 5 Co(K) =

k-cycles:

Zi(K) :=ker(0:Cxy — Cx—1) ={c€Cx:0c=10}

k-boundaries:

Bk(K) = zm(@ : Ck_|_1 — Ck) — {C ~ Ck : E|C/ ~ Ck_|_1, C — (‘90’}

Br(K) C Zp(K) C Cp(K)



Homology in a nutshell (with coeff. in Z/27.)

Homology groups and Betti numbers:

Br(K) C Z(K) C Cx(K)

e The k'™ homology group of K: Hy(K) = Z;,/ B,

e Tout each cycle c € Z;(K) corresponds its homology class c+ By (K) =
{c+b:be By(K)}.

e Two cycles ¢, ¢’ are homologous if they are in the same homology class:
dbe Bp(K)s. t. b= —c(= +¢).

e The k' Betti number of K: B (K) = dim(H(K)).

Remark: [y(K) = number of connected components of K.



Cycles and boundaries

Not a cycle
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Topological invariance and singular homology

Bo=1 01=2,62=0

Theorem: If K and K’ are two simplicial complexes with homeomorphic
supports then their homology groups are isomorphic and their Betti num-
bers are equal.

e This is a classical result in algebraic topology but the proof is not
obvious.

e Rely on the notion of singular homology — defined for any topological
space.



Topological invariance and singular homology

O

X

Let Aj be the standard simplex in R*. A singular k-simplex in a topological
space X is a continuous map ¢ : A, — X.

The same construction as for simplicial homology can be done with singular
complexes — Singular homology

Important properties:
e Singular homology is defined for any topological space X.

e If X is homotopy equivalent to the support of a simplicial complex, then
the singular and simplicial homology coincide!



Topological invariance and singular homology

O

Homology and continuous maps:

e if f: X — Y isa continuous map and o : A, — X a simplex in X,
then foo : A — Y is a simplex in Y = f induces a linear maps
between homology groups:

S+ Hp(X) = Hg(Y)

e if f: X — Y is an homeomorphism or an homotopy equivalence then
f4 1s an isomorphism.



Homology (to summarize)

e X a topological space + K (e.g. K = Bo(X) =1
7./2,7/p,R---) a field + k a non-negative B1(X) =2
Integer.

e The k-th homology group Hy (X, K) : a vec- X

tor space with coefficients in K.

e Elements of Hi(X,K) : represent the k- _
dimensional cycles in X. B1(X) =0

e Betti numbers: 8 (X) = dim(Hg (X, K)).

(Some) properties:

e 50(X) = number of connected components of X.
e If f: X — Y is continuous, then f induces a linear map f; : Hp(X) — Hi(Y).

e In particular, if X C Y, then the inclusion map 7 : X — Y induces a linear map



........

o A filtered simplicial complex (or a filtration) K built on top of a set X is
a family (K, | a € T), T C R, of subcomplexes of some fixed simplicial
complex K with vertex set X s. t. K, C K3 for any a < b.

e More generaly, filtration = nested family of topological spaces indexed by T.

Persistent homology of a filtered simplicial complexe encodes the evolution of the
homology of the subcomplexes.



............

Filtrations of simplicial complexe

-------

.......

..............

o A filtered simplicial complex (or a filtration) K built on top of a set X is
a family (K, | a € T), T C R, of subcomplexes of some fixed simplicial
complex K with vertex set X s. t. K, C K3 for any a < b.

e More generaly, filtration = nested family of topological spaces indexed by T.

Many examples and ways to design filtrations depending on the application and
targeted objectives : sublevel and upperlevel sets, Cech complex,...



Filtrations of simplicial complexes

A filtration of a (finite) simplicial complex K is a sequence of subcomplexes
such that

J))=K'cK'c---Cc K™"=K,
i) K71 = K* U o' where 0™ is a simplex of K.

There are many ways to build filtrations - see next lesson.



An algorithm to compute (simplicial) homology

Input: A filtration of a simplicial complex) = K c K'!c.-.-Cc K™ = K,
s. t. K™ = K*U g where ¢! is a simplex of K.

Output: The Betti numbers 5y, 81, , 54 of K.

Bo=0B1=---=0B4=0;
fore =1tom
k=dimo* — 1:

if 0 is contained in a (k + 1)-cycle in K*
then Srpy1 = Bry1 + 1,
else Oy = Br — 1,
end if;
end for;

output (507 617 "o 75d);



An algorithm to compute (simplicial) homology

Input: A filtration of a simplicial complex) = K c K'!c.-.-Cc K™ = K,
s. t. K™ = K*U g where ¢! is a simplex of K.

Output: The Betti numbers 5y, 81, , 54 of K.

Bo=0B1=---=0B4=0;
fore =1tom
k=dimo* — 1:

if 0 is contained in a (k + 1)-cycle in K*
then Srpy1 = Bry1 + 1,
else Oy = Br — 1,
end if;
end for;

output (507 617 "o 75d);

Remark: At the i*" step of the algorithm, the vector (B3, - - - , 34) stores the
Betti numbers of K*.



Proof

e If o' is contained in a (k + 1)-cycle in K*, this cycle is not a boundary
in K.

e If o’ is contained in a (k+1)-cycle cin K*, then ¢ cannot be homologous
to a cycle in K1

= Brr1(K") > Brr1 (K1) + 1

e If 0* is not contained in a (k + 1)-cycle ¢ in K, then do" is not a
boundary in K*~1

= Bu(K7) < Br(K1) — 1

e the previous inequalities are equalities.



Positive and negative simplicies

let ) = K ¢ K! C .- C K™ = K be a filtration of a simplicial complex
Ks. t. K'' = K" U o' where o' is a simplex of K.

4 4 _ 4

Definition: A (k+1)-simplex o' is positive if it is contained in a (k+1)-cycle
in K*. It is negative otherwise.

<>Create a new (k + 1)-cycle in K*
Destroy a k-cycle in K*

Br(K) = f(positive simplices) — f(negative simplices)



Getting more information

Definition: A (k+1)-simplex o is positive if it is contained in a (k+1)-cycle
in K*. It is negative otherwise.

<>Create a new (k + 1)-cycle in K*
Destroy a k-cycle in K*

Br(K) = f(positive simplices) — f(negative simplices)

e How to keep track of the evolution of the topology all along the filtra-
tion?

e What are the created/destroyed cycles?

e What is the lifetime of a cycle?

e How to compute rank(Hy(K") — Hy(K7))?



Getting more information

Definition: A (k+1)-simplex o is positive if it is contained in a (k+1)-cycle
in K*. It is negative otherwise.

<>Create a new (k + 1)-cycle in K*
Destroy a k-cycle in K*

Br(K) = f(positive simplices) — f(negative simplices)

e How to keep track of the evolution of the topology all along the filtra-
tion?

e What are the created/destroyed cycles?

e What is the lifetime of a cycle?

e How to compute rank(Hy(K") — Hy(K7))?

K» This i1s where persistent homology comes into

play!



Persistent homology

X topological space

f: X—R

- T

Nested spaces

persistence -

Persistence diagram

e A general mathematical framework to encode the evolution of the topology
(homology) of families of nested spaces (filtered complex, sublevel sets,...).

e Formalized in its present form by H. Edelsbrunner (2002) et al and G. Carlsson
et al (2005) - wide development during the last two decades.

e Multiscale topological information.
e Barcodes/persistence diagrams can be efficiently computed.

e Stability properties



The theory of persistence

A general mathematical framework to encode the evolution of the topology (homol-

ogy) of families of nested spaces (filtrations).

Historical landmarks:

e 90’s: size theory (P. Frosini et al), framed Morse complex and stability

(S.A. Barannikov).

e 2002 — 2005: persistent homology (H. Edelsbrunner et al, Carlsson et al).

e 2005: stability of persistence for continuous functions (D. Cohen-Steiner

et al).

e 2009 — 2012: algebraic stability of persistence modules (F.C. et al).

e 2014: the GUDHI software plateform (J.-D. Boissonnat et al). Also several

other softs since 2005: Dionysus, (J)Plex, PHA

e Last 5 years: statistical aspects of persistence and machine learning.



Persistent homology for functions

e Tracking and encoding the evolution of the connected components (0-dimensional
homology) of the sublevel sets of a function

e The family of sublevel sets of a function is an example of filtration.

R A
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R A

<Y



Persistent homology for functions

e Tracking and encoding the evolution of the connected components (0-dimensional
homology) of the sublevel sets of a function

e The family of sublevel sets of a function is an example of filtration.

R A




Persistent homology for functions

e Tracking and encoding the evolution of the connected components (0-dimensional
homology) of the sublevel sets of a function

e The family of sublevel sets of a function is an example of filtration.

R A

<Y



Persistent homology for functions

e Tracking and encoding the evolution of the connected components (0-dimensional
homology) of the sublevel sets of a function

e The family of sublevel sets of a function is an example of filtration.

R A

<Y



Persistent homology for functions

e Tracking and encoding the evolution of the connected components (0-dimensional
homology) of the sublevel sets of a function

e The family of sublevel sets of a function is an example of filtration.

R A

<Y



Persistent homology for functions

e Tracking and encoding the evolution of the connected components (0-dimensional
homology) of the sublevel sets of a function

e The family of sublevel sets of a function is an example of filtration.

R A




Persistent homology for functions

e The family of sublevel sets of a function is an example of filtration.




Persistent homology for functions

e Tracking and encoding the evolution of the connected components (0-dimensional
homology) of the sublevel sets of a function

e The family of sublevel sets of a function is an example of filtration.




Persistent homology for functions
fp:R* =R

— M1 —
© = min [l — pi;

barcode for holes (1-d homology)



Persistent homology for functions
fp:R* =R
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Persistent homology for functions
fp:R* =R
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T géllgl\lx p||2

B i

B

B

B

B

barcode for holes (1-d homology)



Persistent homology for functions
fp:R* >R

T — ]gélll;l |z — p|2

barcode for holes (1-d homology)



Persistent homology for functions
fp:R* >R

T — géllrjl |z — p|2

barcode for holes (1-d homology)



Persistent homology for functions
fp:R* >R

T — géllrjl |z — pl|2

barcode for holes (1-d homology)

Points with multiplicity




Stability properties

What if f is slightly perturbed?

<Y



Distance between persistence diagrams
-

o

The bottleneck distance between two diagrams D; and Ds is

dp(D1,D2) = inf sup ||p —v(p)lco
’Verpepl

where T' is the set of all the bijections between D; and Dz and ||p — ¢|lcc =

max(|Tp — Tql, |Yp — Yql)-

Important Remark: There is one persistence diagram per homology dimension. In
general, are compared diagrams corresponding to same homology dim.



Stability properties

What if f is slightly perturbed?

> I

X
Theorem (Stability):

For any tame functions f,g: X = R, dg(D¢,D,) < ||f — 9/|co-

[Cohen-Steiner, Edelsbrunner, Harer 05], [C., Cohen-Steiner, Glisse, Guibas, Oudot - SoCG
09], [C., de Silva, Glisse, Oudot 12]

Important Remark: if ¢ : X — X is an homeomorphism, then Doy = Dy.



Persistent homology of filtered complexes

let ) = K°Cc K'C--- C Km — K be a filtration of a simplicial complex K s. t.
Kt = K" Uo" where 0™ is a simplex of K.



Persistent homology of filtered complexes

Let 0= K? C Kl C .-+ C K™ = K be a filtration of a simplicial complex K s. t.
Kt = K" Uo" where 0™ is a simplex of K.

Relation between sublevel sets filtrations and filtered simplicial complexes:

o Vt <t €R, f71((—00,t]) C f'((—00,t']) — filtration of X by the sublevel
sets of f.

e If f isdefined at the vertices of a simplicial complex K , the sublevel sets filtration

is a filtration of the simplicial complex K. \

¢ For ¢ = |vo,---,vx] € K, f(o) =
maxi—o,... x f(v;)
e The simplices of K are ordered according in-

creasing f values (and dimension in case of
equal values on different simplices).



Persistent homology of filtered complexes

Let ) = K’ ¢ K' € --- € K™ = K be a filtration of a simplicial complex K s. t.
Kt = K" Uo" where 0™ is a simplex of K.

Algorithm to compute the Betti numbers 3y, 51,--- , B4 of K:
60251:---:/66120;
for: =1 to m
k =dimo* — 1;

if 0” is contained in a (k + 1)-cycle in K*
then Bx11 = Bry1 + 1,
else S = B — 1, The algorithm can be easily adapted to
end if; keep track of an homology basis and pairs
end for; positive simplices (birth of a new homo-
output (Bo, S1,- -+, Ba); logical class) to negative simplices (death
of an existing homology class).

Notation: H; = Hy(K")



Cycle associated to a positive simplex

LAL LN L)

Lemma: If o' is a positive k-simplex, then there exists a k-cycle ¢, s.t.:

- ¢, 1s not a boundary in K
- ¢, contains o’ but no other positive k-simplex.

The cycle ¢” is unique.

Proof:
By induction on the order of appearence of the simplices in the filtration.



Homology basis

LAL LN LN

e At the beginning: the basis of H} is empty.

e If a basis of Hé_l has been built and ¢* is a positive k-simplex then one adds
the homology class of the cycle ¢ associated to ¢* to the basis of H,Z_l = basis

of H}.
e If a basis of H} ™' has been built and o7 is a negative (k + 1)-simplex:

— let ¢,---,c'» be the cycles associated to the positive simplices
o', ..., o' that form a basis of H} ™'

— d= 00" = Py erLc't + b
- l(]) — max{ik &k = 1}

— Remove the homology class of ) from the basis of H,z_l = basis of
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LA L LN L)
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Homology basis

LA L LTHN L

e At the beginning: the basis of H} is empty.

e If a basis of Hé_l has been built and ¢* is a positive k-simplex then one adds
the homology class of the cycle ¢ associated to ¢* to the basis of H,Z_l = basis

of H}.
e If a basis of H} ™' has been built and o7 is a negative (k + 1)-simplex:

— let ¢,---,c'» be the cycles associated to the positive simplices
o', ..., o' that form a basis of H} ™'

— d= 00" = Py erLc't + b
- l(]) — max{ik &k = 1}

— Remove the homology class of ) from the basis of H,z_l = basis of



Homology basis

0o’ = c't + *2

LALGN A,

e At the beginning: the basis of H} is empty.

e If a basis of Hé_l has been built and ¢* is a positive k-simplex then one adds
the homology class of the cycle ¢ associated to ¢* to the basis of H,Z_l = basis

of H}.
e If a basis of H} ™' has been built and o7 is a negative (k + 1)-simplex:

— let ¢,---,c'» be the cycles associated to the positive simplices
o', ..., o' that form a basis of H} ™'

— d= 00" = Py erLc't + b
- l(]) — max{ik &k = 1}

— Remove the homology class of ) from the basis of H,z_l = basis of



Pairing simplices

e If a basis of H} ™' has been built and o7 is a negative (k + 1)-simplex:

— let ¢',---,c' be the cycles associated to the positive simplices
o'l,--- 0P that form a basis of H,z_l
— d= aO'j — Z 1 €kC b

— I(j) = max{ix : e, = 1}

— Remove the homology class of ¢!/) from the basis of H;i_l = basis of H,Z

The simplices 6') and ¢’ are paired to form a persistent pair (6'7), g%).
— The homology class created by ¢'/) in K'9) s k|IIed by ¢’ in K7. The
persistence (or life-time) of this cycleis : 7 —I(j) —

Remark: filtrations of K can be indexed by increasing sequences «; of real numbers
(useful when working with a function defined on the vertices of a simplicial complex).



Persistence algorithm: first version

Input: ) = K ¢ K' ¢ --- ¢ K™ = K a d-dimensional filtration of a simplicial
complex K s. t. K'™' = K*Ug*"" where 6" is a simplex of K.

Lo=L1=---=Lg1=10
For  =0tom
k = dimo’ — 1:
if o7 is a negative simplex
[(j) = highest index of the positive simplices associated to do”;
Li = L, U{(c'YD) o)},
end if
end for
output Lo, L1, -+ ,Lq_1 ;



Persistence algorithm: first version

Input: ) = K ¢ K' ¢ --- ¢ K™ = K a d-dimensional filtration of a simplicial
complex K s. t. K'™' = K*Ug*"" where 6" is a simplex of K.

Lo=Li=---=Lg1=10
For j =0 tom
k=dimo’ — 1:

@is a negative si@

[(7) = higltest index of the positive simplices associated to 9o7;
L, = L, {(Jl(j)7gj)};
end if
end for

output Lo, L1|---

How to test this condition?



The persistence algorithm: matrix version

Input: ) = K ¢ K' ¢ --- ¢ K™ = K a d-dimensional filtration of a simplicial
complex K s. t. K'™' = K*Ug*"! where 6" is a simplex of K.

The matrix of the boundary operator:

1001 0)
010100
00001
o1l 1 0] 1)
000 1
00 0 1
0000

__\\
—
[—
]
S

o O
-

@)
o)

o O O
-
= o O

e M = (mij)i j=1,...,m With coefficient in Z/2 defined by
mi; = 1 if ¢* is a face of 67 and m;; = 0 otherwise
e For any column C, I(j) is defined by

(i =1(j)) & (miy; =1 and my; =0 Vi’ > 1)



The persistence algorithm: matrix version

Input: ) = K° ¢ K' ¢ --- C K™ = K a d-dimensional filtration of a simplicial
complex K s. t. K™t = K* Ug'"! where 6" is a simplex of K.

Compute the matrix of the boundary operator M
For j =0 tom
While (there exists j' < j such that I(j') == I(j))
C; = C; + Cj mod(2);
End while
End for
Output the pairs (1(5),7);

Remark: The worst case complexity of the algorithm is O(m?®) but much lower in
most practical cases.



The persistence algorithm: matrix version

A simple example:

[ 0

0
0

0
0

\{]

[ o

0
0

0

\{]

=]~

—
e

0
0
0
0
0
0
0

010\ (0 0 1 0
1 0 0 0 01f0
001 00 0 0
1l[1] o [ =—=> [0 000
00 1 0 0 0 0
00 1 00 0 0
{}(l[]/ \ 0 000

Paires : (2,3) (4,5) (6,7)

'

o

GDGIHG!—*G

_I_

c o o o © |~| ~ e—

- O O
__--l"""I




Correctness of the algorithm

Proposition: the second algorithm (matrix version) outputs the persistence pairs.

Proof: follows from the four remarks below.

1. At each step of the algorithm, the column C'; represents a chain of the form
0 (O’j + Zsmi> with ¢; € {0,1}

2. At the end of the algorithm, if j is s.t. I(j) is defined then o'\ is a positive
simplex.

3. If at the end of the algorithm the column C; is zero then ¢ is positive.

4. If at the end of the algorithm the column C; is not zero then ('), 07) is a
persistence pailr.



Persistence diagram

OO"

each pair ('), 57) is represented by (I(5),7) or (f(c'¥)), f(67)) € R? when
considering filtrations induced by functions, or (a;(;), ;) if the filtration is in-
dexed by a real valued sequence (a;)icr.

The diagonal {y = z} is added to the persistence diagram.

Unpaired positive simplex 0" — (i, +00).



Persistence diagram

OO"

each pair ('), 57) is represented by (I(5),7) or (f(c'¥)), f(67)) € R? when
considering filtrations induced by functions, or (a;(;), ;) if the filtration is in-
dexed by a real valued sequence (a;)icr.

The diagonal {y = z} is added to the persistence diagram.

Unpaired positive simplex 0" — (i, +00).

Points may have multiplicity



Persistence diagram

OO"

e each pair (¢!, 67) is represented by (1(4),7) or (f(c'9)), f(67)) € R? when
considering filtrations induced by functions, or (a;(;), ;) if the filtration is in-
dexed by a real valued sequence (a;)icr.

e The diagonal {y = x} is added to the persistence diagram.
e Unpaired positive simplex 0" — (i, +00).

Barcodes: an alternative (equivalent) representation where each pair (i, j) is repre-
sented by the interval |7, J]




Distances between persistence diagrams

*_ * D>
Add the diagonal

Multiplicity: 2

>
0 birth

The bottleneck distance between two diagrams Dy and Ds is

dg(D1, D2) = inf sup ||[p —v(p)|lco

yel’ peED1

and the “p-Wasserstein” distance (p > 1) is

1
p
— p
Wp(D1, D2) —;rel{;( > llp =) )

peDy

where I' is the set of all the bijections between D1 and D32 and ||[p—¢q||cc =

max(|zp — Zql, |Yp — Yal)-



Stability properties

What if f is slightly perturbed?

<V



Stability properties

Theorem (Stability):
For any tame functions f,g: X = R, d3’(D¢,Dy) < ||f — 9l/co-

[Cohen-Steiner, Edelsbrunner, Harer 05], [C., Cohen-Steiner, Glisse, Guibas, Oudot - SoCG
09], [C., de Silva, Glisse, Oudot 12]

R A
What if f is slightly perturbed?

<V



Persistence-based clustering

Combine a mode seeking approach with (0-dim) persistence computation.

Input:

1. A finite set X of observations (point cloud with coordinates or pairwise distance
matrix),

2. A real valued function f defined on the observations (e.g. density estimate).

Goal: Partition the data according to the basins of attraction of the peaks of f



Persistence-based clustering

Combine a mode seeking approach with (0-dim) persistence computation.
[C.,Guibas,Oudot,Skraba - J. ACM 2013]

topological

1. Build a neighborhing graph G on top of X.

2. Compute the (0-dim) persistence of f to identify prominent peaks — number of
clusters (union-find algorithm).



Persistence-based clustering

Combine a mode seeking approach with (0-dim) persistence computation.
[C.,Guibas,Oudot,Skraba - J. ACM 2013]

1. Build a neighborhing graph G on top of X.

2. Compute the (0-dim) persistence of f to identify prominent peaks — number of
clusters (union-find algorithm).



Persistence-based clustering

Combine a mode seeking approach with (0-dim) persistence computation.
[C.,Guibas,Oudot,Skraba - J. ACM 2013]

6 prominent]

peaks

1. Build a neighborhing graph G on top of X.

2. Compute the (0-dim) persistence of f to identify prominent peaks — number of
clusters (union-find algorithm).



Persistence-based clustering

Combine a mode seeking approach with (0-dim) persistence computation.

1. Build a neighborhing graph G on top of X.

2. Compute the (0-dim) persistence of f to identify prominent peaks — number of
clusters (union-find algorithm).

3. Chose a threshold 7 > 0 and use the persistence algorithm to merge components
with prominence less than 7.



Persistence-based clustering

Combine a mode seeking approach with (0-dim) persistence computation.
[C.,Guibas,Oudot,Skraba - J. ACM 2013]

Complexity of the algorithm: O(nlogn)

Theoretical guarantees:

- Stability of the number of clusters (w.r.t. perturbations of X and f).

- Partial stability of clusters: well identified stable parts in each cluster.

K» “soft " clustering



Application to non-rigid shape segmentation

Persistence diagram for david1 with f = HKS(0.1)
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f = HKS function on X

Problem: some part of clusters are unstable — dirty segments



Application to non-rigid shape segmentation

Problem: some part of clusters are unstable — dirty segments

Idea:
- Run the persistence based algorithm several times on random perturbations of f

(size bounded by the “persistence” gap).
- Partial stability of clusters allows to establish correspondences between clusters

across the different runs — for any x € X, a vector giving the probability for = to
belong to each cluster.



Application to non-rigid shape segmentation
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Persistence diagram for cat7 with f = HKS(0.1)
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Persistence diagram for cat1 with f = HKS(0.1)
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An example of application

Topology-based unsupervised classification
Segmentation of cytometry data for medical diagnosis

ME-m FORA An innovative start-up specialized in biological

losystems

diagnosis from cytometry data.

Objective: unsupervised learning in large point clouds (several millions) in
medium /high dimensions (~ 4 — 80)

Applications: medical diagnosis from blood samples (1 point = 1 blood cell)

Methodology: Persistence-based clustering to robustly identify relevant clusters.



Persistent homology for (point cloud) data

oo

° dgm (Filt(X,),
° =S : '/—5‘ — . |
% A .* Build topol. Persistent |
“e s . ’ structure homology |
o () ° o 0 y
0

Build a geometric filtered simplicial complex on top of X,, — multiscale topol.
structure.

Compute the persistent homology of the complex — multiscale topol. signature.
Compare the signatures of “close” data sets — robustness and stability results.

Statistical properties of signatures



Filtered complexes and filtrations

SRLE

A filtered simplicial complex S built on top of a set X is a family (S, | a € R) of
subcomplexes of some fixed simplicial complex S with vertex set X s. t. S, C Sy
for any a < b.

/A\ filtration I of a space X is a nested family (IF, | a € R) of subspaces of X
such that I, C [y, for any a < b.

&» Example: If f : X — R is a function, then the sublevelsets of f,

F, = f~'((—00, a]) define the sublevel set filtration associated to f.

\ Example: Rips and Cech filtrations




Sublevel set filtration associated to a function

3

2

e f a real valued function defined on the vertices of K
e For o = |vg, - ,vx] € K, f(0) =max;—g.... x f(v;)

e The simplices of K are ordered according increasing f values (and di-
mension in case of equal values on different simplices).

Exercise: show that this is a filtration



Sublevel set filtration associated to a function

3

e f a real valued function defined on the vertices of K
e For o = |vg, - ,vx] € K, f(0) =max;—g.... x f(v;)

e The simplices of K are ordered according increasing f values (and di-
mension in case of equal values on different simplices).

Exercise: show that this is a filtration



The Cech complex and filtration

4 g

® "

e Let Y = (U;);cs be a cover of a topological space X by open sets:
X — UiE]Ur,;.

e The Cé&ch complex C(U) associated to the covering U/ is the simplicial
complex defined by:
- the vertex set of C(U) is the set of the open sets U;
- Uiy, -+, Ui, ) is a k-simplex in C(U) iff N5_,U;. # 0.



The Cech complex and filtration

v g

‘?
® <«

Nerve theorem (Leray): If all the intersections between opens in U{ are either
empty or contractible then C(U) and X = U;c;U; are homotopy equivalent.

= The combinatorics of the covering (a simplicial complex) carries the topol-
ogy of the space.



The Cech complex and filtration

4 g

‘?
& <«

Let V' be a point cloud (in a metric space).

The Cech complex Cech(V) is the filtered simplicial complex indexed by R
whose vertex set is V' and defined by:



The Vietoris-Rips filtration

Let V' be a point cloud (in a metric space (X, d)).

The Vietoris-Rips complex Rips(V') is the filtered simplicial complex indexed
by R whose vertex set is V' and defined by:

o = [pop1 - pk] € Rips(V, ) iff Vi, j€{0,---,k}, dlpi,p;) < a

e Easy to compute and fully determined by its 1-skeleton

e Rips-Cech interleaving: for any a > 0,

Cech(L, %) C Rips(L, ) € Cech(L, o)



Voronol diagrams, Delaunay triangulations and
c-complexes

P:{p17'°' 7pn}ERd



Voronol diagrams, Delaunay triangulations and
c-complexes

P:{p17'°' 7pn}ERd

Voronol cells:

Vor(p:) = {z € RY : V5, ||z — pi|| < ||z — ps]|}




Voronol diagrams, Delaunay triangulations and
c-complexes

P:{p17'°' 7pn}ERd

Voronol cells:

Vor(p:) = {z € RY : V5, ||z — pi|| < ||z — ps]|}

Delaunay complex D(P):
nerve of the cover made by the Voronoi cells Vor(p;)



Voronol diagrams, Delaunay triangulations and
c-complexes

P:{p17'°' 7pn}ERd

Voronol cells:

Vor(p:) = {z € RY : V5, ||z — pi|| < ||z — ps]|}

Delaunay complex D(P):
nerve of the cover made by the Voronoi cells Vor(p;)

Alpha complex A(P, «):

For o« > 0, nerve of the family /
= o
(Vor(pi) N B(ps, \/a)) e

1=1,---,n



Voronol diagrams, Delaunay triangulations and
c-complexes

P:{p17'°' 7pn}ERd

Voronol cells:

Vor(p:) = {z € RY : V5, ||z — pi|| < ||z — ps]|}

Delaunay complex D(P):
nerve of the cover made by the Voronoi cells Vor(p;)

Alpha complex A(P, «):

For o« > 0, nerve of the family /
= o
(Vor(p:) N B(pi, Va)),_,

’L_ ’..-’n

Theorem:
A(P, ) is homotopy equivalent to Uj_; B(pi, V).



Stability properties

“Stability theorem”: Close spaces/data sets have close persistence diagrams!

If X and Y are pre-compact metric spaces, then

3b(dgm(Rips(X)), dgm(Rips(Y))) < deu (X,Y).

Gromov-Hausdorff distance

dau(X,Y) := , ivfllf,m da (711 (X), v2(X))

Z, metric space, 71 : X =+ Zandvy2 : Y — Z
Isometric embeddings.

Bottleneck distance

Rem: This result also holds for other families of filtrations (particular case of a more general
theorem).



Hausdortf distance

AR

\

dau(A, B)

Let A, B C M be two compact subsets of a metric space (M, d)

d(A,B) = max{supd(b, A),supd(a,B)}
beB acA

where d(b, A) = sup,c 4 d(b,a).



Application: non rigid shape classification

ﬁﬂ"ﬁ?ﬁ%‘n’ﬂ\ H&M“ _ ° :ggpel
a2 DL E & & T
ﬂm'@mmmnm”” ® ® horse

TITIXEKEKEK i .-

808808080 ¢ 608 ¢8°¢
K’EH\HMHMH ”” \ ﬂus'r@:otteneck c.iistalnce..

T T T a

e Non rigid shapes in a same class are almost isometric, but computing Gromov-
Hausdorff distance between shapes is extremely expensive.

e Compare diagrams of sampled shapes instead of shapes themselves.



Where do stability results come from?

Definition: A persistence module V is an indexed family of vector spaces (V, | a €
R) and a doubly-indexed family of linear maps (v% : Vo, — V4 | a < b) which satisfy

the composition law v¢ o v2 = v¢ whenever a < b < ¢, and where v? is the identity

map on V.

Examples:

o Let S be a filtered simplicial complex. If V; = H(S,) and v : H(S,) — H(Ss)
is the linear map induced by the inclusion S, — S; then (H(S;) | a € R) is
a persistence module.

e Given a metric space (X, dx) , H(Rips(X)) is a persistence module.

e If f: X — R is a function, then the filtration defined by the sublevel sets of
f, Fo = f ' ((—00,al]), induces a persistence module at homology level.



Where do stability results come from?

Definition: A persistence module V is an indexed family of vector spaces (V, | a €

R) and a doubly-indexed family of linear maps (v% : Vo, — V4 | a < b) which satisfy

the composition law v¢ o v2 = v¢ whenever a < b < ¢, and where v? is the identity

map on V.

Definition: A persistence module V is g-tame if for any a < b, v° has a finite rank.

Theorem:

g-tame persistence modules have well-defined persistence diagrams.



Where do stability results come from?

Definition: A persistence module V is an indexed family of vector spaces (V, | a €

R) and a doubly-indexed family of linear maps (v% : Vo, — V4 | a < b) which satisfy

the composition law v¢ o v2 = v¢ whenever a < b < ¢, and where v? is the identity

map on V.

An idea about the definition of persistence diagrams:

Measures on rectangles:

Number of points in any rectangle |a,b] X |[c,d]
above the diagonal:

rk(vy) — rk(vg) + rk(vff) — rk(vg)




Where do stability results come from?

Definition: A persistence module V is an indexed family of vector spaces (V, | a €

R) and a doubly-indexed family of linear maps (v% : Vo, — V4 | a < b) which satisfy

the composition law v¢ o v2 = v¢ whenever a < b < ¢, and where v? is the identity

map on V.

Definition: A persistence module V is g-tame if for any a < b, v° has a finite rank.

Theorem:

g-tame persistence modules have well-defined persistence diagrams.

Exercise: Let X be a precompact metric space. Then H(Rips(X)) and H(Cech(X))

are g-tame.

Recall that a metric space (X, p) is precompact if for any € > O there exists a finite subset F'e C X such that d g7 (X, F¢) < € (i.e.
Ve € X,3dp € Fe s.t. p(x,p) < €).



Where do stability results come from?

Definition: A persistence module V is an indexed family of vector spaces (V, | a €

R) and a doubly-indexed family of linear maps (v% : Vo, — V4 | a < b) which satisfy

the composition law v¢ o v2 = v¢ whenever a < b < ¢, and where v? is the identity

map on V.
A homomorphism of deg-ree € betwe.en two pgrsis— [7a [7b
tence modules U and V is a collection ® of linear
maps \ () \
(0 : Uy = Vare | a € R) ot ———p J/bte

such that vgiz 0 g = hp o ul for all a < b.

An e-interleaving between U and V is specified by two homomorphisms of degree ¢
®:U—->Vand ¥ :V 5> Ust. PoV¥ and ¥ o & are the “shifts” of degree 2¢
between U and V.

CL 3[ I Ua_|_

AN /JM\

a—+ a—+
—P V T—|—3>V —Pp ...

va—|—e



Where do stability results come from?

Definition: A persistence module V is an indexed family of vector spaces (V, | a €

R) and a doubly-indexed family of linear maps (v% : Vo, — V4 | a < b) which satisfy

the composition law v¢ o v2 = v¢ whenever a < b < ¢, and where v? is the identity

map on V.

Stability Thm:

If U and V are g-tame and e-interleaved for some ¢ > 0 then

dp(dgm(U),dgm(V)) < e



Where do stability results come from?

Definition: A persistence module V is an indexed family of vector spaces (V, | a €

R) and a doubly-indexed family of linear maps (v% : Vo, — V4 | a < b) which satisfy

the composition law v¢ o v2 = v¢ whenever a < b < ¢, and where v? is the identity

map on V.

Stability Thm:

If U and V are g-tame and e-interleaved for some ¢ > 0 then

dp(dgm(U),dgm(V)) < e

Exercise: Show the stability theorem for (tame) functions :
let X be a topological space and let f,g: X — R be two tame functions. Then

dg(Dys,Dy) < ||f — 9llco-



Where do stability results come from?

Definition: A persistence module V is an indexed family of vector spaces (V, | a €

R) and a doubly-indexed family of linear maps (v% : Vo, — V4 | a < b) which satisfy

the composition law v¢ o v2 = v¢ whenever a < b < ¢, and where v? is the identity

map on V.

Stability Thm:

If U and V are g-tame and e-interleaved for some ¢ > 0 then

dp(dgm(U),dgm(V)) < ¢

Strategy: build filtrations that induce g-tame homology persistence modules
and that turn out to be c-interleaved when the considered spaces/functions are

O(e)-close.



Where do stability results come from?

Definition: A persistence module V is an indexed family of vector spaces (V, | a €

R) and a doubly-indexed family of linear maps (v% : Vo, — V4 | a < b) which satisfy

the composition law v¢ o v2 = v¢ whenever a < b < ¢, and where v? is the identity

map on V.

Stability Thm:

If U and V are g-tame and e-interleaved for some ¢ > 0 then

dp(dgm(U),dgm(V)) < ¢

Strategy: build filtrations that induce g-tame homology persistence modules
and that turn out to be c-interleaved when the considered spaces/functions are

O(e)-close.



Multivalued maps and correspondences

Y X

X

Y
A multivalued map C' : X = Y from a set X to a set Y is a subset of X X VY,
also denoted (', that projects surjectively onto X through the canonical projection
mx : X X Y — X. The image C(o0) of a subset o of X is the canonical projection
onto Y of the preimage of o through 7x.



Multivalued maps and correspondences

Y X

X

Y
A multivalued map C' : X = Y from a set X to a set Y is a subset of X X VY,

also denoted (', that projects surjectively onto X through the canonical projection

mx : X X Y — X. The image C(o0) of a subset o of X is the canonical projection
onto Y of the preimage of o through 7x.

The transpose of C, denoted C?, is the image of C' through the symmetry map
(z,y) = (y,2).

A multivalued map C : X = Y is a correspondence if C* is also a multivalued map.



Multivalued maps and correspondences

Y X

X

Y
A multivalued map C' : X = Y from a set X to a set Y is a subset of X X VY,
also denoted (', that projects surjectively onto X through the canonical projection
mx : X X Y — X. The image C(o0) of a subset o of X is the canonical projection
onto Y of the preimage of o through 7x.

Example: e-correspondence and Gromov-Hausdorff distance.

Y
Let (X7 pX) and (Y’ pY) be CompaCt metrlc Spaces A P
A correspondence ' : X == Y is an e-correspondence if 4
V(z,y), (@, y") € C, |px(z,z') — py(y,y)| <e. Y |t ,
1 v 7 x

dap(X,Y) = 5 inf{e > 0 : there exists an e-correspondence between Xand Y}



Multivalued simplicial maps

X

Y

Let S and T be two filtered simplicial complexes with vertex sets X and Y respectively.
A multivalued map €' : X =2 Y is e-simplicial from S to T if for any a € R and any
simplex o € S,, every finite subset of C (o) is a simplex of T,..



Multivalued simplicial maps

X

Y

Let S and T be two filtered simplicial complexes with vertex sets X and Y respectively.
A multivalued map €' : X =2 Y is e-simplicial from S to T if for any a € R and any
simplex o € S,, every finite subset of C (o) is a simplex of T,..

Proposition: Let S, T be filtered complexes with vertex sets X, Y respectively. If
C : X =2 Y is a correspondence such that C and C* are both e-simplicial, then
together they induce a canonical e-interleaving between H(S) and H(T).



The example of the Rips and Cech filtrations

Proposition: Let (X, px), (Y, py) be metric spaces. For any € > 2dgu(X,Y) the
persistence modules H(Rips(X)) and H(Rips(Y)) are e-interleaved.



The example of the Rips and Cech filtrations

Proposition: Let (X, px), (Y, py) be metric spaces. For any € > 2dgu(X,Y) the
persistence modules H(Rips(X)) and H(Rips(Y)) are e-interleaved.

Proof: Let (': X = Y be a correspondence with distortion at most e.
f o € Rips(X, a) then px(z,2") <a for all z,2" € o.

Let 7 C C(0) be any finite subset.

For any v,y € T thereexist z,2' € os. t. ye C(x), vy € C(z') so

py(y,y') < px(z,2’) + e < a+eand 7 € Rips(Y,a + ¢)

= C'is e-simplicial from Rips(X) to Rips(Y).
Symetrically, C* is e-simplicial from Rips(Y) to Rips(X).



The example of the Rips and Cech filtrations

Proposition: Let (X, px), (Y, py) be metric spaces. For any € > 2dgu(X,Y) the
persistence modules H(Rips(X)) and H(Rips(Y)) are e-interleaved.

Proof: Let (': X = Y be a correspondence with distortion at most e.
f o € Rips(X, a) then px(z,2") <a for all z,2" € o.

Let 7 C C(0) be any finite subset.

For any v,y € T thereexist z,2' € os. t. ye C(x), vy € C(z') so

py(y,y') < px(z,2’) + e < a+eand 7 € Rips(Y,a + ¢)

= C'is e-simplicial from Rips(X) to Rips(Y).
Symetrically, C* is e-simplicial from Rips(Y) to Rips(X).

Proposition: Let (X, px), (Y, py) be metric spaces. For any ¢ > 2dgu(X,Y) the
persistence modules H(Cech(X)) and H(Cech(Y)) are e-interleaved.



The example of the Rips and Cech filtrations

Proposition: Let (X, px), (Y, py) be metric spaces. For any € > 2dgu(X,Y) the
persistence modules H(Rips(X)) and H(Rips(Y)) are e-interleaved.

Proof: Let (': X = Y be a correspondence with distortion at most e.
f o € Rips(X, a) then px(z,2") <a for all z,2" € o.

Let 7 C C(0) be any finite subset.

For any v,y € T thereexist z,2' € os. t. ye C(x), vy € C(z') so

py(y,y') < px(z,2’) + e < a+eand 7 € Rips(Y,a + ¢)

= C'is e-simplicial from Rips(X) to Rips(Y).
Symetrically, C* is e-simplicial from Rips(Y) to Rips(X).

Proposition: Let (X, px), (Y, py) be metric spaces. For any ¢ > 2dgu(X,Y) the
persistence modules H(Cech(X)) and H(Cech(Y)) are e-interleaved.

Remark: Similar results for witness complexes (fixed landmarks)



Tameness of the Rips and Cech filtrations

Theorem: Let X be a compact metric space. Then H(Rips(X)) and H(Cech(X))
are g-tame.

As a consequence dgm(H(Rips(X))) and dgm(H(Cech(X))) are well-defined!



Tameness of the Rips and Cech filtrations

Theorem: Let X be a compact metric space. Then H(Rips(X)) and H(Cech(X))

are g-tame.
As a consequence dgm(H(Rips(X))) and dgm(H(Cech(X))) are well-defined!

Proof: show that I? : H(Rips(X, a)) — H(Rips(X, b)) has

finite rank whenever a < b. o —_—
Let e = (b—a)/2 and let ' C X be finite s. t. C
du (X, F) < €/2. F* -
Then C = {(z,f) € X x F|d(x, f) < €/2} is o
an e-correspondence.
o o — X

Using the interleaving map, I° factorizes as

HRips(X,a) —=HRips(F,a + €)— HRips(X, a + 2¢) = HRips(X, b)

finite dimensional



Tameness of the Rips and Cech filtrations

Theorem: Let X be a compact metric space. Then H(Rips(X)) and H(Cech(X))
are g-tame.

As a consequence dgm(H(Rips(X))) and dgm(H(Cech(X))) are well-defined!

Theorem: Let X, Y be compact metric spaces. Then
dp, (dgm(H(Cech(X))), dgm(H(Cech(Y)))) < 2dau(X,Y),

db(dgm(H(Rips(X))), dgm(H(Rips(Y)))) < 2dan (X, Y).

Remark: The proofs never use the triangle inequality! The previous approch and results
easily extend to other settings like, e.g. spaces endowed with a similarity measure.



Why persistence

e Even when X is compact, H,(Rips(X,a)), p > 1, might be infinite dimen-
sional for some value of a:

It is also possible to build such an example with the open Rips
X q complex:

[zo,z1, -+ , 2] € Rips(X,a™ ) & dx(z;,x;) < a, foralli,;



Why persistence

e Even when X is compact, H,(Rips(X,a)), p > 1, might be infinite dimen-
sional for some value of a:

It is also possible to build such an example with the open Rips
X q complex:

[zo,z1, -+ , 2] € Rips(X,a™ ) & dx(z;,x;) < a, foralli,;

e For any o, € R such that 0 < a < 3 and any integer k there exists a
compact metric space X such that for any a € |a, 8], Hx(Rips(X,a)) has a
non countable infinite dimension (can be embedded in R* [Droz 2013]).



Why persistence

e Even when X is compact, H,(Rips(X,a)), p > 1, might be infinite dimen-
sional for some value of a:

It is also possible to build such an example with the open Rips
X q complex:

[zo, 21, ,xk] € Rips(X,a™ ) & dx(z;,x5) < a, for alli,;
e For any o, € R such that 0 < a < 3 and any integer k there exists a

compact metric space X such that for any a € |a, 8], Hx(Rips(X,a)) has a
non countable infinite dimension (can be embedded in R* [Droz 2013]).

o If X is compact, then dim H;(Cech(X,a)) < +oo for all a ([Smale-Smale,
C.-de Silval).

e If X is geodesic, then dimH;(Rips(X,a)) < +oo for all @ > 0 and
Dgm(H; (Rips(X))) is contained in the vertical line z = 0.

e If X is a geodesic d-hyperbolic space then Dgm(H2(Rips(X))) is contained
in a vertical band of width O(9).



Computational issues and robustness to noise
A statistical perspective



Some weaknesses

If X and Y are pre-compact metric spaces, then

dp, (dgm(Rips(X)),dgm(Rips(Y))) < 2dgu (X, Y).

— Vietoris-Rips (or Cech, witness) filtrations quickly become prohibitively large as
the size of the data increases ( O(|X|%) ), making the computation of persistence
practically almost impossible.

— Persistence diagrams of Rips-Vietoris (and Cé&ch, witness,..) filtrations and
Gromov-Hausdorff distance are very sensitive to noise and outliers.



Statistical setting

(M, p) metric space
1t a probability measure with compact support X,,.

Examples: R
- Filt(Xm) = Rips, (Xim)
. - Filt(Xpm) = Cecha (X))
Sample m points -~
» P - Filt(X;,) = sublevelset filtration of p(.,X,,).
according to L. e

AN

dgm(Filt(X

Questions:
e Statistical properties of dgm(Filt(X,»)) ? dgm(Filt(X.n)) —7? as m — +00?



Statistical setting

(M, p) metric space
1t a probability measure with compact support X,,.

Examples: R
- Filt(Xm) = Rips, (Xim)
. - Filt(Xpm) = Cecha (X))
Sample m points -~
» P - Filt(X;,) = sublevelset filtration of p(.,X,,).
according to L. e

AN

dgm(Filt(X

Questions:
e Statistical properties of dgm(Filt(X,»)) ? dgm(Filt(X.n)) —7? as m — +00?

e Can we do more statistics with persistence diagrams?



Statistical setting

(M, p) metric space
1t a probability measure with compact support X,,.

Examples: R
_ Filt(Xom) = Rips,, (Xm)
Sample m points - Filt(Xm) = Cecha (Xim)
. - Filt(X;,) = sublevelset filtration of p(.,X,,).
according to L. oo

AN

dgm(Filt(X

AN

Stability thm: dp,(dgm(Filt(X,)), dgm(Filt(X,))) < 2dan (X, Xom)

So, for any € > 0,

P (db (dgm(Filt(XM)),dgm(Filt(Xm))) > s) <P (daH(Xme) > %)



Deviation inequality

—n ° '
* S . —
X1, Xz, X o Xm 2
I.I.d. sampled ‘. L
according to L. e o.°

For a,b > 0, u satisfies the (a, b)-standard assumption if for any x € X,, and any
r > 0, we have u(B(z,7)) > min(ar®, 1).



Deviation inequality

./ﬂ ° ..
* X « — B
Xl,X27'°',Xm o. m o
I.I.d. sampled ‘. L
according to L. e o.°

For a,b > 0, u satisfies the (a, b)-standard assumption if for any x € X,, and any
r > 0, we have u(B(z,7)) > min(ar®, 1).

Theorem: If u satisfies the (a, b)-standard assumption, then for any € > 0:

P (db (dgm(Filt(XH)), dgm(Filt(Xm)» > 8) < min(a8—; exp(—mae®), 1).

R 1/b
Moreover lim P <db (dgm(Filt(XM)),dgm(Filt(Xm))) < C4 <logm> > —1

n—oo 144

where C'; is a constant only depending on a and b.



Deviation inequality

* S . —
X1, Xz, X o Xm 2
I.I.d. sampled ‘. L
according to L. e o.°

For a,b > 0, u satisfies the (a, b)-standard assumption if for any x € X,, and any
r > 0, we have u(B(z,7)) > min(ar®, 1).

Sketch of proof:
1. Upperbound P (dH(XM,Xm) > %)

2. (a,b) standard assumption = an explicit upperbound for the covering number

of X,, (by balls of radius £/2). 7

3. Apply “union bound” argument.
C(e) < P(g/2)
+ w(B(z,e/2)) > a(e/2)"



Minimax rate of convergence

Let P(a,b, M) be the set of all the probability measures on the metric space (M, p)
satisfying the (a, b)-standard assumption on M:



Minimax rate of convergence

Let P(a,b, M) be the set of all the probability measures on the metric space (M, p)
satisfying the (a, b)-standard assumption on M:

Theorem: Let P(a,b, M) be the set of (a, b)-standard proba measures on M. Then:

A {db(dgm(Fﬂt(Xu)),dgm(Fﬂt(Xm)))} <C (m_W)l/b

pEP(a,b,M) m

where the constant C only depends on a and b (not on M!). Assume moreover that
there exists a non isolated point x in M and let x,, be a sequence in M \ {z} such

that p(z, zm) < (am)~*/® . Then for any estimator d/gam of dgm(Filt(X,,)):

liminf p(z, zm)” " sup E [db(dgm(Filt(Xu)), d/g?nm)} > ('

m=r oo nEP(a,b,M)

where C’ is an absolute constant.

Remark: we can obtain slightly better bounds if X,, is a submanifold of RY - see [Genovese,
Perone-Pacifico,Verdinelli, Wasserman 2011, 2012]



Numerical illustrations

e
Multiplicity 4 —

- w: unif. measure on Lissajous curve X, . — =~
- Filt: distance to X,u In RQ. 3351 |y = 099287 +2.2274 linear |
- sample k£ = 300 sets of m points for m = 4}
[2100 : 100 : 3000] 346 -
- compute el
E., = E[dg(dgm(Filt(X,,)), dgm(Filt(X,))) |

AN

- plot log(E,,) as a function of 3%

log(log(m)/m) é -5.I95 -5.I9 -5.IE55 -5.IEE -5.:7'5 -5.I.'f' -5.:35 -5.IE -5_I55



Numerical illustrations

- w: unif. measure on a torus X,,.

- Filt: distance to X, in R”.

- sample k = 300 sets of n points for m =
(12000 : 1000 : 21000].

- compute

E., = E[dgs(dgm(Filt(X,)), dgm(Filt(X,»)))

- plot log(E,)
log(log(m)/m).
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Persistence landscapes

d+b d=b
;2 A 2
Ad S
®----- T
| A
- />O<\ » L10
__ (b+d d—b
D= (g dtyyier  Trp=(BLHDED
t—b te [ba biQd]
Ap(t) = qd—t te (X4, d]
0 otherwise.

Persistence landscape [Bubenik 2012]:

Ap(k,t) = kmax A,(t), teR,keN,

pEdgm

where kmax is the kth largest value in the set.



Persistence landscapes
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Persistence landscape [Bubenik 2012]:

Ap(k,t) = kmax A,(t), teR keN,

pedgm
Properties
e Foranyt € Randany k€N, 0 < Ap(k,t) < Ap(k+1,¢).
e Foranyt € R and any k € N, |Ap(k,t) — Ap/(k,t)| < dp(D,D") where

dg (D, D") denotes the bottleneck distWD and D’.

stability properties of persistence landscapes



Persistence landscapes

2
Ad SR
I‘ _______
®----- T
: P
- />O<\ , b

e Persistence encoded as an element of a functional space (vector space!).

e Expectation of distribution of landscapes is well-defined and can be approximated
from average of sampled landscapes.

e Process point of view: convergence results and convergence rates — confidence
Intervals can be computed using bootstrap.

e Provide a convenient way to process persistence information in deep neural
networks.



Weak convergence of landscapes

Let L1 be the space of landscapes with support contained in [0, 7.

Let P be a probability distribution on L7, and let A\1,..., A, ~ P. Let u be the

mean landscape:
u(t) =E[Xi(t)], tel0,T].

We estimate 1 with the sample average
Z Ai( 0,T7.
Since E(A\.(t)) = u(t), A\n is a point-wise unbiased estimator of s.

For fixed t: pointwise convergence of A, (t) to u(t) + CLT

Here, convergence of the process

{Vi () = () }tem



Weak convergence of landscapes

Let
F ={ftro<e<r
where f; : L — R is defined by fi(A) = A(¢).

Empirical process indexed by f: € F:

Gn(t) = Gu(fe) == v/ (Aa(t) - Z = \/a(Pa=P)(f:

%\

Theorem [Weak convergence of Iandscapes]. Let G be a Brownian bridge with
covariance function k(t,s) = [ ft(A) fs(N)dP(X) — [ ft(N)dP(X) [ fs(A\)dP(X), for
t,s € [0,T]. Then G, ~ G.



Weak convergence of landscapes
Let
F =A{ftlo<e<r
where f; : L — R is defined by fi(A) = A(¢).
Empirical process indexed by f: € F:

%\

Gn(t) = Gu(fe) == v/ (Aa(t) - Z = \/a(Pa=P)(f:

For t € [O,T], let o(t) be the standard deviation of /nA.(t), ie. o(t) =
\/nVar \/Var (fe(A1)).

Theorem [Uniform CLT]. Suppose that o(¢t) > ¢ > 0Oin an mterval ., t*] C [0,T],
for some constant c. Then there exists a random variable W = Sup,cpy, ¢ 1G(ft))
such that

7/8
sup IP’( sup  |Gn(t)] < z) _PW<2)|=0 ((1053)8 ) .
te

z€R [t ,t%]




Some consequences

Bootstrap for landscapes — confidence bands for landscapes.

Theorem. Suppose that o(t) > ¢ > 0 in an interval [t.,t"| C [0,T], for some
constant c. Then, given a confidence level 1 — o, one can construct confidence
functions £,,(t) and u,(t) such that

P(En(t) < u(t) <up(t) for all t € [t. ,t*]> >1—a—0 ((logn)7/8> .

n1/8

Also, sup, (un (1) — £n (1)) = Op (\/g)

Sample Space Mean 1st Landscape (n=30) Mean Silhouette (p=4)
ple sp __with Adaptive 95% band . _ Wwith Adaptive 95% band
< 7] SEN
7 Q _
© _ o
o
_ <
o
< _
o N
| o
o _| S ]
© TTT T T T T T 1 © T T T T T T T
0.0 1.0 t20 3.0 0.0 1.0 t20 3.0
. Mean 3rd Landscape (n=30) Mean Silhouette (p=0.1)
. 10f 30 Diagrams __with Adaptive 95% band with Adaptive 95% band
N A . S -
c® _ o _
o o
5 A ] 3 -
e
g < a < 4 o
Ay ° S 1
o A% o | 8
o T T |A | © TT T T T T T 1 = T T T T T T 1
0 1 2 3 4 0.0 1.0 2.0 3.0 0.0 1.0 2.0 3.0

(Birth+Death)/2 t t



Some consequences

Bootstrap for landscapes — confidence bands for landscapes.

Theorem. Suppose that o(t) > ¢ > 0 in an interval [t.,t"| C [0,T], for some

constant c.
functions £,,(t) and u,(t) such that

P(ﬁn(t) < u(t) <up(t) for all t € [t. ,t*]> >1—a—0 (

Also, sup, (un (1) — £n (1)) = Op (\/g)
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Then, given a confidence level 1 — «, one can construct confidence

Mean 1st Landscape (n=30)

with 95% confidence band

0 10 20 ‘ 30 40

50

Mean 1st Landscape (n=30)

with Adaptive 95% band

n1/8
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with 95% confidence band
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To summarize

,/_\‘ ... ) ..
X1, X2, Xm o, X 2 Rips(X;,)
I.l.d. sampled ‘. . .
according to L. e o.°
Bootstrap
Repeat n times: A1 (¢ * E[X:(t)]
|>\ (t) — Ap (D)

m — OO O

Stability w.r.t. u?




VWasserstein distance

Let (M, p) be a metric space and let i, v be probability measures on M with finite
p-moments (p > 1).

“The" Wasserstein distance W, (i, ) quantifies the optimal cost of pushing u onto
v, the cost of moving a small mass dx from = to y being p(x,y)’dx.

Ci1/ N\------"""°° >
dl e Transport plan: II a proba measure on

. M x M such that II(A x R%) = u(A)
C; O o _?T_ijj and II(R* x B) = v(B) for any borelian
Q LY sets A, B C M.
d;

Q e PO : E e Cost of a transport plan:

O : _- _ﬁ o ;O C(II) = (/MxM px, y)" dll(z, y)) ’

o W,(u,v) = infg C(II)

K =



VWasserstein distance

® o0 ° ®
o ©® o0 0 ° °
°
.O.‘.Q’:O\ —»
0.....
° '0..
°
o.o ®e
o ®

Example:

e If P={p1,...,pn} is a point cloud, and P’ = {p1,...,pn—k-1,01,...,0k}
with d(o;, P) = R, then
dn(C.C'Y> R but  Waluo, per) < v (R + diam(C))

n



(Sub)sampling and stability of expected landscapes

. % * .
./_\“ ° °
at X17X27°” 7Xm: ,Lb®m '..
I.l.d. sampled * o o !
according to w. e
8 Ay (t) = Ep, [A(1)

Theorem: Let (M, p) be a metric space and let i, v be proba measures on M with
compact supports. We have

1
[Ap,m — Avmlloo < meWy(p,v)

where W, denotes the Wasserstein distance with cost function p(x,y)?.

Remarks:
- similar results by Blumberg et al (2014) in the (Gromov-)Prokhorov metric (for distribu-

tions, not for expectations) ;

- also work with “Gromov-Wasserstein” metric;
1
- mP cannot be replaced by a constant.



(Sub)sampling and stability of expected landscapes

I.1.d. sampled el .
according to L.

Apm (t) = Ep, [A()]

Theorem: Let (M, p) be a metric space and let i, v be proba measures on M with
compact supports. We have

1
[Ap,m — Avmlloo < meWy(p,v)

where W, denotes the Wasserstein distance with cost function p(x,y)?.
Consequences:

e Subsampling: efficient and easy to parallelize algorithm to infer topol. information
from huge data sets.

e Robustness to outliers.

e R package TDA +Gudhi library: https://project.inria.fr/gudhi/software/



(Sub)sampling and stability of expected landscapes

oXe S

./_\“ ° °

at X17X27°” 7Xm: ,u®m '..
I.l.d. sampled * o o !

according to L.

Apm (t) = Ep, [A()]

Theorem: Let (M, p) be a metric space and let i, v be proba measures on M with
compact supports. We have

1
[Ap,m — Avmlloo < meWy(p,v)

where W, denotes the Wasserstein distance with cost function p(x,y)?.
Proof:

1
L Wy (u®™, v®™) < m Wiy (u, v)

2. Wy(Py,P,) < Wy(u®™,v®™) (stability of persistence!)
3. ||Aum — Avmlloo < Wy(P,, P,) (Jensen’s inequality)



(Sub)sampling and stability of expected landscapes

Example: Circle with one outlier.

XN + (0,0) Diagrams Dy, and Dy, (dim 1) 1st Landscape (dim 1)
o _ <
— \ - N
N - landscape of Xy
o A o = |andscape of Yy
o ] 0 _ -
- "J:" o
S [ ES i = -
Lo
o - g - ”D" -
A DXN

o _ o _ v P o

| | | | r 7 | | | | < | | | |

-1.0 -0.5 0.0 0.5 1.0 0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0



(Sub)sampling and stability of expected landscapes

Example: 3D shapes

Average Landscapes Dissimilarity Matrix

+ a= « camel

flam. ele. camel

lion

| l J | J ' ' camel ele. flam. lion
0.00 0.10 0.20 0.30

‘\

From n = 100 subsamples of size m = 300




(Sub)sampling and stability of expected landscapes

(Toy) Example: Accelerometer data from smartphone.
Walking Experiment with iPhone app

fred . i
© Dim 0, Mean 2nd Landscape with 95% band
_ o
o _| — fred
o] © fabri
a o | — bertrand
(Ty]
24\ .
| | | | | | | S
1000 1020 1040 1060 1080 1100 1120
o
N -
fabri o
. S 5 | | |
(Ty]
o 0.0 0.5 1.0 15
-
F. B - -
o ] Dim 1, Mean 1st Landscape with 95% band
S 4 | | | | | | [
I.'\.! ]
1000 1020 1040 1060 1080 1100 1120 e
2 _
P
betrand
2
o o
1 Ty
(Ty] [ T
0 | S _
e | | | T T | | o T | T |
1000 1020 1040 1060 1080 1100 1120 0.0 0.5 1.0 1.5

- spatial time series (accelerometer data from the smarphone of users).
- no registration/calibration preprocessing step needed to compare!



(Sub)sampling and stability of expected landscapes

oXe S

./_\“ ° °

at X17X27°” 7Xm: ,u®m '..
I.l.d. sampled * o o !

according to L.

Apm (t) = Ep, [A()]

Theorem: Let (M, p) be a metric space and let i, v be proba measures on M with
compact supports. We have

1
[Ap,m — Avmlloo < meWy(p,v)

where W, denotes the Wasserstein distance with cost function p(x,y)?.
Proof:

1
L Wy (u®™, v®™) < m Wiy (u, v)

2. Wy(Py,P,) < Wy(u®™,v®™) (stability of persistence!)
3. ||Aum — Avmlloo < Wy(P,, P,) (Jensen’s inequality)



Proof

Lemma 1: For any u,v € P(M),
™m m 1
Wp (™, vE™) < me Wy (u, v)

where the metric p,, in M™ is any metric satisfying for any X = (x1, - Tm),
Y = (y1, ym),

1

p

pm(X,Y) < <Z P(il?z',yi)p>

Proof: If IT € P(M x M) is a transport plan between ;1 and v, then II®™ is a transport
plan between 1®™ and v®™ (up to reordering the comp. of M*™ and

/ pm (X, Y)PAIT®™(X,Y) < / > p(xi,y)” dil(z1,y1) - - AL (@, Yom)
M2m M X M"Y i—1

= m p(z1,y1)"dll(z1, y1).
M x M



Proof

Lemma 2:
Wp(gbzla qbzn) S Wp(:u@)ma V®m)

where ¢ : M™ — D, ¢™(X) = dgm(Filt(X)), D is the space of persistence diagrams
endowed with the bottleneck distance and ¢};" = (¢ )«p, ¢" = (@™)xV.

Notations:
- At M™ X M™ = D x D, A (X,Y) = ($(¢™ (X)), % (6™ (X))).

Proof: if Il ¢ P(M™ x M) is a transport plan between p®™ and v®™ then A,, .II
is a transport plan between ®;* and 7" and

/D dpy(Dx, Dy)’dAp, II(Dx,Dy) = /Mzm dp(Om (X)), o (Y ))PdII(X,Y)

2
T

< / dr (X,Y)"dII(X,Y) (stab.thm)
M2

< /M  pm(X,Y)AII(X, V).



Proof

Notations:

- L : space of landscapes (with sup. norm)
-V =iy, U =iy

Lemma 3: Let Ax ~ V" and Ay ~ WJ*. Then

|Bwpx] = Bup ]| < Wy (O]

oo
o0

o) .

Proof: Let II be a transport plan between ®; and ®;*. For any ¢t € R we have

Eor[Ax](t) — Bop y](6)] = [EPx(6) = Ay (B)]]”
< E[|Ax(t) — Ay (t)["] (Jensen inequality)
< E[dy(Dx,Dy)"”] (Stability of landscapes)

/ dy(Dx, Dy )Pdll(Dx, Dy)
Dt XD



TDA and Machine Learning
The problem of representation of persistent homology



The problem of representation of persistence

PN e N —n
D

Persistence diagrams are not well-suited for clas-
sical ML algorithms (the space of PD is highly
non linear)

Not always clear which part of the diagrams car-
ries the relevant information.

oG-@

dgm(Filt(X

AN

Machine

Learning / Al )

Representations of
persistence




A zoo of representations of persistence

(non exhaustive list - see also Gudhi representations)

e Collections of 1D functions

— landscapes [Bubenik 2012]
— Betti curves [Umeda 2017]

e discrete measures: (interesting statistical properties [Chazal, Divol 2018])

— persistence images [Adams et al 2017]

— convolution with Gaussian kernel [Reininghaus et al. 2015] [Chepushtanova et
al. 2015] [Kusano Fukumisu Hiraoka 2016-17] [Le Yamada 2018]

— sliced on lines [Carriere Oudot Cuturi 2017]

e finite metric spaces [Carriere Oudot Ovsjanikov 2015]

e polynomial roots or evaluations [Di Fabio Ferri 2015] [Kalignik 2016]



Persistence diagrams as discrete measures

° /N> D::Z%

peD

Motivations:

e T[he space of measures is much nicer that the space of P. D. |

e In the general algebraic persistence theory, persistence diagrams
naturally appears as discrete measures in the plane.

e Many persistence representations can be expressed as

D(f) =Y £ = [ fap

peD



Persistence diagrams as discrete measures

° /N> D::Z%

peD

Benefits:

e Interesting statistical properties

e Data-driven selection of well-adapted representations (supervised and
unsupervised, coming with guarantees)

e Optimisation of persistence-based functions

Many tools available and implemented in the GUDHI library



Persistence images

10 1 Persistence diagram

g ®

06 1

04 1

02 1

0.0 0.2 0.4 06 08 10

1] 20 40 FH] 8O

For K : R — R a kernel and H a bandwidth matrix (e.g. a symmetric
positive definite matrix), pose for v € R?, Ky (u) = |H|"YV2K(H~1/2 . u)

For D = .6, a diagram, K : R* — R a kernel, H a bandwidth matrix
and w : R? — R a weight function, one defines the persistence surface of D
with kernel K and weight function w by:

Vu € R?, p(D)(u) = Zw(pz)KH(u —pi) = D(wKpg(u—"))



A zoo of representations of persistence

(non exhaustive list - see also Gudhi representations)

e Collections of 1D functions

— landscapes [Bubenik 2012]
— Betti curves [Umeda 2017]

e discrete measures: (interesting statistical properties [Chazal, Divol 2018])

— persistence images [Adams et al 2017]

— convolution with Gaussian kernel [Reininghaus et al. 2015] [Chepushtanova et
al. 2015] [Kusano Fukumisu Hiraoka 2016-17] [Le Yamada 2018]

— sliced on lines [Carriere Oudot Cuturi 2017]

e finite metric spaces [Carriere Oudot Ovsjanikov 2015]

e polynomial roots or evaluations [Di Fabio Ferri 2015] [Kalignik 2016]

Problem: How to chose the right representation?



NN with depth n € N*

nput

Reminder: Neural Net

R%

for

(n—1)
Qn—l




Reminder: Neural Net

NN with depth n € N*
R

(0) (1) (n—1) n) RInt!
f f6’1 0,1 9< )

nput
v
v
v
v

0, = (W), € R&+1%di b c R¥*+1) o :x+— max(0,z) or (1 +e %)1

9(;:) . x € R% I—)O(Wk°£€—|—bk)€de+1

Final classifier: Fyy = e(n)o- e 9(?



Reminder: Neural Net

NN with depth n € N*
R

nput
v
v
v
v

Goal: Minimize £(0) =Y. || fo(x;) — ;|5 w.r.t. €



Reminder: Neural Net

NN with depth n € N*
R

(0) (1) (n—1) 5 RAn+1
f f6’1 0n—1 9< )

nput
v
v
v
v

Goal: Minimize £(0) =Y. || fo(x;) — ;|5 w.r.t. €

Backpropagation: for each k:
1. compute V/{(0;) with chain rule 2. update 0y := 0, — nVL(0y)



Reminder: Neural Net

NN with depth n € N*
R

(0) (1) (n—1) 5 RAn+1
f f6’1 0n—1 9< )

nput
v
v
v
v

Goal: Minimize £(0) =Y. || fo(x;) — ;|5 w.r.t. €

Backpropagation: for each k:
1. compute V/{(0;) with chain rule 2. update 0y := 0, — nVL(0y)

Requirement: fe(l,:) needs to be differentiable w.r.t. 0 and x



Deep Set Architecture

Originally defined in [Zaheer et al. 2017]

Tailored to handle sets instead of finite dimensional vectors

Input: {x1,...,2,} C R? instead of z € R?



Originally defined in [Zaheer et al. 2017]

Deep Set Architecture

Tailored to handle sets instead of finite dimensional vectors

Input: {x1,...,2,} C R? instead of z € R?

Network is permutation invariant: F(X)

= ({21, ..., Tn}) = F({Zs1)s -

X

L]
L2
L3

Il [ [T TT]]

¢

>

EEELE
sum

> | | [ []

] ZE(,(n) }), Vo

In practice: ¢(z;)) =W -x; + b
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Deep Set Architecture

Originally defined in [Zaheer et al. 2017}

Tailored to handle sets instead of finite dimensional vectors

Input: {x1,...,2,} C R? instead of z € R?
Network is permutation invariant: F(X) = p(D>_. ¢(z;))

Universality theorem

Th: [Zaheer et al. 2017]

A function f is permutation invariant iif f(X) = p(>_. ¢(z:))
for some p and ¢, whenever X is included in a countable space



Adaptation to persistence diagrams
[Carriere et al 2019]

Permutation invariant layers generalize several TDA approaches

— persistence images  — silhouettes — Betti curves

But not all of them since R? is not countable

Using any permutation invariant operation (such as max, min, kth largest
value) allows to generalize other TDA approaches

Permutation-invariant Point transformation
operation v : R?2 —» R*
Weight function ¢

https://github.com /MathieuCarriere/perslay (will be released in gudhi in a near future)



Adaptation to persistence diagrams

Parameters 1, --- ,{, € R A, (1)
Ap(tQ)
w(p) — 1 ¢A . p : op = tOp—]C
Ap(tq).
1.2
1.0 3
| Apl
0.8
0.6 (@)
0.4
P3
0.2]
AN\
0.0 O
P4
—047% 0.5 0.0 0.5 1.0 1.5 2.0

Persistence landscape



Adaptation to persistence diagrams

Parameters ¢q,--- ,t, € R? I, ()
Fp(t2)
w(p) = w((z,y))  Prip—> | . Op = sum
[p:t s exp(—|p—tl3/(20%)) T,(t,)
2.0 1.0
1.4- 0.8
0.8 0.6
Fpl
0.2 0.4
Persistence surface o
0.4 Fp4 0.2
-1.0 . . . . 0.0

-1.0 -0.4 0.2 0.8 1.4 2.0



Adaptation to persistence diagrams

i - O o,
= w( >¢<>[m (N
data S (2 - Glgmn [ n |
o w<.>¢<.)F op I [

[ - Wy [ i

w(-) <->r op I}
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features _J




Adaptation to persistence diagrams

Af J:
. ’ -Ext
v/ I/’ T ’ I./ I./. I./ l / B 7 Rel
e o e

— —— [
Dataset ScaleVariant' RetGK1 *? RetGKI11*? FGSD® GCNN* || Spectral + HKS ° PersLay
REDDIT5K — 56.1(£0.5)  55.3(£0.3) 47.8 52.9 49.7(£0.3) 56.6(£0.3)
REDDIT12K - 48.7(+£0.2)  47.1(£0.3) — 46.6 39.7(£0.1) 47.7(£0.2)
COLLAB - 81.0(£0.3)  80.6(%£0.3) 80.0 79.6 67.8(£0.2) 76.4(£0.4)
IMDB-B 72.9 71.9(£1.0)  72.3(£0.6) 73.6 73.1 67.6(1+0.6) 70.9(£0.7)
IMDB-M 50.3 47.7(+£0.3)  48.7(+0.6) 52.4 50.3 44.5(40.4) 48.7(40.6)
BZR * 86.6 — — — - 80.8(40.8) 87.2(£0.7)
COX2 * 78.4 80.1(x£0.9)  81.4(£0.6) — — 78.2(£1.3) 81.6(+1.0)
DHFR * 78.4 81.5(+0.9)  82.5(40.8) — - 69.5(£1.0) 81.8(£0.8)
MUTAG * 88.3 90.3(x=1.1)  90.1(£1.0) 92.1 86.7 85.8(%1.3) 89.8(£0.9)
PROTEINS * 72.6 75.8(£0.6)  75.2(£0.3) 73.4 76.3 73.5(£0.3) 74.8(£0.3)
NCI1 * 71.6 84.5(+0.2)  83.5(%£0.2) 79.8 78.4 65.3(%0.2) 72.8(£0.3)
NCI109 * 70.5 — - 78.8 - 64.9(4+0.2) 71.7(£0.3)
FRANKENSTEIN 69.4 — — — — 62.9(+0.1) 70.7(+0.4)

Average scores from 10 times 10-folds
cross-validation




Adaptation to persistence diagrams
Goal: classify orbits of linked twisted map

Orbits described by (depending on parameter r):

Tntl = Tn+7Yn(l—yn) mod 1

Yn+1 YUn + T Tn+1 1 — Ln+1 mod 1

Label = 1 Label = 5

.

Label = 3



Goal: classify orbits of linked twisted map

Adaptation to persistence diagrams

Dataset PSS-K PWG-K SW-K PF-K PersLay
ORBIT5K 72.38(+2.4) 76.63(£0.7) 83.6(+£0.9) 85.9(£0.8) || 87.7(-
ORBIT100K _ — 89.2(-

it W, e we,

Label = 1

Label = 3




A general question

arg min f(

How to minimize functions depending of persistence diagrams (e.g. total
persistence)?



A general question

arg min f(

How to minimize functions depending of persistence diagrams (e.g. total
persistence)?

— Need to understand the “differentiability of persistence”



Initial point cloud

Example: dimensionality reduction

Input: 2 sampled circles
in R” (3D view)

LowD point cloud at epoch 100

o: '..l
-e .4
.
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Dim reduction in R?
without topol.
constraint

LowD point cloud at epoch 100
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Dim reduction in R?
with topol. constraint



The minimization problem

arg min f(

A “long-standing” question in Topological Data Analysis

[Continuation of point clouds via persistence diagrams,
Gameiro, Hiraoka, Obayashi, Physica D, 2015]

[ Topological Function Optimization for Continuous Shape
Matching, Poulenard, Skraba, Ovsjanikov, SGP, 2018]

[A topology layer for machine learning, Briiel-Gabrielsson
et al., AISTATS, 2020]

[ Topological Autoencoders, Moor et al., ICML, 2020]



The minimization problem

arg min f(

A “long-standing” question in Topological Data Analysis

[Continuation of point clouds via persistence diagrams, _
Gameiro, Hiraoka, Obayashi, Physica D, 2015] Point cloud data

[ Topological Function Optimization for Continuous Shape

Matching, Poulenard, Skraba, Ovsjanikov, SGP, 2018] Bottleneck distance loss

[A topology layer for machine learning, Briiel-Gabrielsson
et al., AISTATS, 2020]

[ Topological Autoencoders, Moor et al., ICML, 2020] Vietoris-Rips filtration

Total persistence loss

All restricted to specific data type / loss function / filtration!



Simplicial complexes and filtrations

Given a set V', a simplicial complex K is a
collection of finite subsets of V s. t.

- {v} € K forany v € V,

-ifoe Kand 7 C o then 7 € K.

Given K and R C R, a filtration of K is an in-

creasing sequence (K, ),.cr of subcomplexes
of K with respect to the inclusion such that

UTER K"'“ = K.




Simplicial complexes and filtrations

Given a set V', a simplicial complex K is a
collection of finite subsets of V s. t.

- {v} € K foranyv e V,

-ifoe Kand 7 C o then 7 € K.

Given K and R C R, a filtration of K is an in-

creasing sequence (K, ),.cr of subcomplexes
of K with respect to the inclusion such that

UTER K"'“ = K.

To 0 € K, one can associate &, = inf{r € R: 0 € K,.}
= A filtration of K is a |K|-dimensional vector
b= (P,)ocx cREl s.t. 7Co=d, <,

The set Filtx C RIEl of the vectors in RI¥! defining a filtration on K is
semi-algebraic.



Simplicial complexes and filtrations

Given a set V, a simplicial complex K is a
R collection of finite subsets of V' s. t.

- {v} € K forany v € V,

-ifoe Kand 7 C o then 7 € K.

Given K and R C R, a filtration of K is an in-

creasing sequence (K, ),.cr of subcomplexes
of K with respect to the inclusion such that

UTER K"'“ = K.

Definition: Let K be a simplicial complex and A a set. A map
d: A — RIXl is said to be a parametrized family of filtrations if
forany x € A and 0,7 € K with 7 C o, one has ®.(x) < ®,(x).



Persistent homology computation

Let K be a finite filtered simplicial complex and let o1 < --- < 0k the simplices
of K ordered according the increasing entries of ® = (®,),cx € RI¥



Persistent homology computation

Let K be a finite filtered simplicial complex and let o1 < --- < 0k the simplices
of K ordered according the increasing entries of ® = (®,),cx € RI¥

Process the simplices according to their order of entrance in the filtration:

Let £ = dimo; and denote K;_1 = U,_; 0y



Persistent homology computation

Let K be a finite filtered simplicial complex and let o1 < --- < 0k the simplices
of K ordered according the increasing entries of ® = (®,),cx € RI¥

Process the simplices according to their order of entrance in the filtration:

Let £ = dimo; and denote K;_1 = U,_; 0y

L

Case 1: adding o; to K;_1 creates a
new k-dimensional topological feature
in K; (new homology class in Hy).

K;
= the birth of a k-dim feature is registered.



Persistent homology computation

Let K be a finite filtered simplicial complex and let o1 < --- < 0k the simplices
of K ordered according the increasing entries of ® = (®,),cx € RI¥

Process the simplices according to their order of entrance in the filtration:

Let £ = dimo; and denote K;_1 = U,_; 0y

/ T

Case 1: adding o; to K;_1 creates a Case 2: adding o; to K;_; kills a
new k-dimensional topological feature (k — 1)-dimensional topological feature
in K; (new homology class in Hy). in K; (homology class in Hi_1).

K, = persistence algo. pairs the simplex o;

_ _ _ _ to the simplex o;(;) that gave birth to the
=> the birth of a k-dim feature is registered. | :/|.q feature



Persistent homology computation

Filtration Pairing of simplices  Persistence diagram D(®)

D pairs (Ul(f,;),Oz') ((I)Jl(i),q)gi)

g unpaired o; (@, , +00)
K[ =2p+q

¢ = ((I)J)UEK S R|K| >

Using lexicographical
order

|

D(®) € RIXI

The persistence
map: Pers

(this is a “locally constant”
permutation of coordinates)



The persistence map 1s semi-algebraic

Proposition: Given a simplicial complex K, the map
Pers: Filtx C RIEI — RIX

is semi-algebraic, (and thus definable in any o-minimal structure). Moreover,
there exists a semi-algebraic partition of Filtx such that the restriction of

Pers to each element of this partition is a Lipschitz map.

Corollary: Let K be a simplicial complex and ®: A — RIXl be a semi-
algebraic (or definable in a given o-minimal structure) parametrized family of
filtrations. The map Perso ®: A — RI¥| is semi-algebraic (definable).




The persistence map 1s semi-algebraic

Proposition: Let K be a simplicial complex and ®: A — RIEl a definable
parametrized family of filtrations, where dim A = m. Then there exists a finite
definable partition of A, A = SUO;U---UOy such that dim S < dim A :=m
and, for any 1 = 1,...,k, O; is a definable manifold of dimension m and

Perso ®: O, — RI¥! is differentiable.

This is an immediate consequence of finiteness and stratifiability properties of definable sets




Semi-algebraic sets and maps

A semialgebraic subset of R™ is a subset defined as a finite unions and inter-
sections of polynomial equations and inequations with real coefficients.

In other words, the set of semialgebraic subsets of R™ is the smallest class
SA,, of subsets of R" satisfaying:

1. if P € R[Xy, -+ ,X,] is a polynomial, {x € R" : P(x) =0} € SA,
and {z e R": P(z) >0} € SA,.

2. If A,BeSA,, then AUB, AN B and R™ \ A belong to SA,,.

Given A C R" and A C R™ two semialgebraic sets, a map ® : A — B, where A
and B is a semialgebraic map if its graph

Go ={(z,®P(z)):x € A} CAXB

Is a semialgebraic subset of R™ x R™.



o-minimal structures

An o-minimal structure on the field of real numbers R is a collection (.S, )nen,
where each S,, is a set of subsets of R™ such that:

51 is exactly the collection of finite unions of points and intervals;
all algebraic subsets of R™ are in S,,;
S, is a Boolean subalgebra of R™ for any n € N;

f Ac S, and BeS,,, then A X B & S5,1m;

if 7: R*"*1 — R"™ is the linear projection onto the first n coordinates

and A € 5,11, then w(A) € 5,.
A €S, is called a definable set in the o-minimal structure.

o s w =

For ACR" amap f: A — R™ is a definable map if its graph is a definable
set in R*T™,

Example: Semi-algebraic sets define an o-minimal structure.

Important property: Definable sets admit finite (Whitney) stratification.



Example: the Vietoris-Rips filtration

®: A= (RH" — R4~ = R2" 1

where A,, is the simplicial complex made of all the faces of
the (n — 1)-dimensional simplex and, for any
r=(x1,...,2,) € A and any simplex ¢ C {1,...,n},

@ () = max z; — ;]|



Example: sublevel sets filtrations

K a simplicial complex with n vertices vq,...,v,.

Any real-valued function f defined on the vertices of K can be represented as
a vector (f(v1),..., f(v,)) € R™.

®: A=R"— RIE
where for any f = (f1,..., fn) € A and any simplex 0 C {1,...,n},

(I)J(f) — maxfi

1€0



Functions of persistence

Definition: A function
E: Rl = (R?)?» xR - R

is a function of persistence if it is invariant to permutations of the points of
the persistence diagram: for any (p1,...,pp,€1,...,€4) € (R*)? x R? and
any permutations «, 8 of the sets {1,...,p} and {1,...,q}, respectively, one
has

E(pa)s -+ Pap)s €8(1)> - -1 €8(q)) = E P15+ Dps€1,.--,€q).



Functions of persistence

Definition: A function
E: Rl = (R?)?» xR - R

is a function of persistence if it is invariant to permutations of the points of
the persistence diagram: for any (p1,...,pp,€1,...,€4) € (R*)? x R? and
any permutations «, 8 of the sets {1,...,p} and {1,...,q}, respectively, one
has

E(pa)s -+ Pap)s €8(1)> - -1 €8(q)) = E P15+ Dps€1,.--,€q).

Properties:

If E/ is locally Lipschitz, then the composition E oPers is also locally Lipschitz.

If E and ®: A C R? — RIEl are semi-algebraic (or definable), then £
E oPerso ®: A — R has a well-defined Clarke subdifferential 0L(z) :
Conv{lim,, ., VL(z;) : L is differentiable at z;}.



Examples

Total persistence.
p

E(D) =" |d;i = b, for D=((b1,dr),...,(bp,dp),€1,...,€q).
i=1

E 1s semi-algebraic and Lipschitz.



Examples

Total persistence.

p
E(D) =" |d;i = b, for D=((b1,dr),...,(bp,dp),€1,...,€q).
1=1

E 1s semi-algebraic and Lipschitz.

Bottleneck distance.

E(D)=dg(D,D*) =min max ||p—p||s

m  (p,p*)EM

where denoting A = {(x,z) : € R} the diagonal in R?, m is a partial
matching between D and D*, i.e., a subset of (DUA) x (D*UA) such that
every point of D\ A and D* \ A, appears exactly once in m.

E 1s semi-algebraic and Lipschitz.



Minimization via stochastic (sub-)gradient descent

If £ and ®: A C R? — RIXl are semi-algbraic (or definable), then £
E oPerso ®: A — R has a well-defined Clarke subdifferential 0L(z) :

Conv{lim,, ,, VL(z;) : L is differentiable at z;}.

Minimization of £ through the differential inclusion

d
™ ¢ —0L(z(t)) for almost every t.

dt

Standard stochastic subgradient algorithm

Lrk+1 — Lk — ak(yk =+ Ck)a Yk € 85(5676)7

where the sequence (ayg)i is the learning rate and ((x)x is a sequence of
random variables.



Minimization via stochastic (sub-)gradient descent

If £ and ®: A C R? — RIXl are semi-algbraic (or definable), then £
E oPerso ®: A — R has a well-defined Clarke subdifferential 0L(z) :

Conv{lim,, ,, VL(z;) : L is differentiable at z;}.

Minimization of £ through the differential inclusion

d
™ ¢ —0L(z(t)) for almost every t.

dt

Standard stochastic subgradient algorithm

Lrk+1 — Lk — ak(yk =+ Ck)a Yk € 05(5676)7

where the sequence (ayg)i is the learning rate and ((x)x is a sequence of
random variables.

Question: convergence of the algorithm?



Convergence

Convergence follows from [Davis et al, Stochastic subgradient method converges on
tame functions. Found. Comp. Math. 2020].

Standard stochastic subgradient algorithm

Lk+1 = Lk — ak(yk + Ck)v Yi € 8[’(3316)7

where the sequence (ayg )i is the learning rate and ((x)x is a sequence of
random variables.

Technical (but classical) assumptions:

1. forany k, ax, >0, > 7~ o = +00 and, Y-, ai < 400;
2. supy, ||zg|| < 400, almost surely;

3. denoting by JFi. the increasing sequence of o-algebras F. =
o(z;,95,(;,7 < k), there exists a function p: R — R which is bounded
on bounded sets such that almost surely, for any k,

E[Cx|Fk] =0 and E[[|Gul|*|Fx] < pla).



Convergence

Convergence follows from [Davis et al, Stochastic subgradient method converges on
tame functions. Found. Comp. Math. 2020].

Standard stochastic subgradient algorithm

Lk+1 = Lk — ak(yk + Ck)a Yi € 8[’(3374)7

where the sequence (ayg )i is the learning rate and ((x)x is a sequence of
random variables.

Theorem:

Let K be a simplicial complex, A C R?, and ®: A — RIKl a parametrized
family of filtrations of K that is definable in an o-minimal structure. Let
E: RIKl — R be a definable function of persistence such that £ = EoPerso®
Is locally Lipschitz. Then, under the above assumptions 1, 2, and 3, almost
surely the limit points of the sequence (xj)r obtained from the iterations of
the algo. are critical points of £ and the sequence (L(zx))r converges.




Numerical illustration

The differential of persistence map is obvious to compute — easy implementation (soon
available in GUDHI)

Point cloud at epoch 1000

Point cloud optimization B e S S

. -0“'0-.:0-""5:' o..
Sy et Tulee S, S S
. . ol R e el 1 N edod
Input: a point cloud X sampled uniformly = -2l s B a U A W
from the unit square S = [0, 1]° R TP S
<% N e 2 s % % :
% * . . Y. ':-'- .Ecl ™ . oot
Loss: £(X) = P(X)+ T(X) where e B
2 P:int cloud at epoch 1000
T(X) == llp—ma®l
with D is the 1-dimensional persistence di- - N
agram associated to the Vietoris-Rips fil- i e

tration of X, ma stands for the projection
onto the diagonal A, and

P(X):= ) d(z,5)

reX

Is a penalty term ensuring that the point
coordinates stay in the unit square.

With T'(X) only




Another example: The density of expected
persistence diagrams



Reminder: the Vietoris-Rips filtration

Rips

Let V' be a point cloud (in a metric space (X, d)).

The Vietoris-Rips complex Rips(V') is the filtered simplicial complex indexed
by R whose vertex set is V' and defined by:

o = [pop1 - pk] € Rips(V, ) iff Vi, j€{0,---,k}, dlpi,p;) < a

Easy to compute and fully determined by its 1-skeleton



The weighted Vietoris-Rips filtration

Rips,,

Let V' be a weigthed point cloud (in a metric space (X,d)): V C X and
w:V — R

The weighted Vietoris-Rips complex Rips,, (V') is the filtered simplicial complex
indexed by R whose vertex set is V' and defined by:

o = [pop1 - - Pk} € Rips,, (V, a)
Iff
Vi,j €40,---,k}, d(pi,pj) <aand Vi€ {0,--- ,k}, w(p;) < a



Persistent homology computation (reminder)

Let S = (S, | @ € R) be a finite filtered simplicial complex with N simplices and
let Sq; C S, C -+ C Sqa, be the discrete filtration induced by the entering times
of the simplices: Sa, \ Sa, ; = 04, .
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Let S = (S, | @ € R) be a finite filtered simplicial complex with N simplices and
let Sq; C S, C -+ C Sqa, be the discrete filtration induced by the entering times
of the simplices: Sa, \ Sa, ; = 04, .

Process the simplices according to their order of entrance in the filtration:

Let k = dimo,, (ie. 0o, = [vo, - ,Vx])



Persistent homology computation (reminder)

Let S = (S, | @ € R) be a finite filtered simplicial complex with N simplices and
let Sq; C S, C -+ C Sqa, be the discrete filtration induced by the entering times

of the simplices: Sq;, \ Sa,_; = 04,

Process the simplices according to their order of entrance in the filtration:

Let k = dimo,, (ie. 0o, = [vo, - ,Vx])

L

Case 1: adding o,, to S,, , creates a
new k-dimensional topological feature
in S,, (new homology class in Hy,).

Sa; 4
= the birth of a k-dim feature is registered.



Persistent homology computation (reminder)

Let S = (S, | @ € R) be a finite filtered simplicial complex with N simplices and
let Sq; C S, C -+ C Sqa, be the discrete filtration induced by the entering times
of the simplices: Sa, \ Sa, ; = 04, .

Process the simplices according to their order of entrance in the filtration:

Let kK = dimo,, (ie. 04, = Vo, -, Vk])
Case 1: adding o,, to S,, , creates a Case 2: adding o, to S,,_, kills a
new k-dimensional topological feature (k — 1)-dimensional topological feature
in S,, (new homology class in Hy,). in S, (homology class in Hi_1).

S, = persistence algo. pairs the simplex o,
1—1

_ _ _ _ to the simplex o, that gave birth to the
= the birth of a k-dim feature is registered. | :/|.4 feature



Persistent homology computation (reminder)

Process the simplices according to their order of entrance in the filtration:

Let k = dimo,, (ie. 04, = Vo, -, Vk])
Case 1: adding o4, to S,,_, creates a Case 2: adding o, to S,,_, kills a
new k-dimensional topological feature (k — 1)-dimensional topological feature
in S,, (new homology class in Hy). in S,, (homology class in Hi_1).

Sq = persistence algo. pairs the simplex o,
,i/_]. n [}
to the simplex o, that gave birth to the

= the birth of a k-dim feature is registered. killed feature.

0a,) . persistence pair

—  (a;,a;) € R?: point in the per-
sistence diagram



Persistent homology computation (reminder)

Process the simplices according to their order of entrance in the filtration:

Let k = dimo,, (ie. 04, = Vo, -, Vk])
Case 1: adding o4, to S,,_, creates a Case 2: adding o, to S,,_, kills a
new k-dimensional topological feature (k — 1)-dimensional topological feature
in S,, (new homology class in Hy). in S,, (homology class in Hi_1).

Sq = persistence algo. pairs the simplex o,
,i/_]. n [}
to the simplex o, that gave birth to the

= the birth of a k-dim feature is registered. killed feature.

Important to remember: the
persistence pairs are determined by the
order on the simplices; the corresponding — (a;,a;) € R*: point in the per-
points in the diagrams are determined by sistence diagram
the indices.

0a,) . persistence pair



Statistical setting

X is now a random K is a deterministic D[K(X)] becomes
point coud (in some filtration (e.g. Rips) random
metric space) >




X 1s now a random
point coud (in some
metric space)

Statistical setting

JC is a deterministic
filtration (e.g. Rips)

D|K(X)] becomes
random

What can be said about the distribution of diagrams D[K(X)|?



Statistical setting

X is now a random K is a deterministic D[K(X)] becomes
point coud (in some filtration (e.g. Rips) random
metric space) >

0
What can be said about the distribution of diagrams D[K(X)|?

e Stability properties = asymptotic properties, confidence bands, Wasserstein
stability,...

e Other representation of persistence (landscapes, Betti curves, pers. images,
kernels,...)

Goal: understand the structure of E|D|[K(X)]] in the non asymptotic setting
( |X] = n is fixed, or bounded)



Filtrations revisited

Let n > 0 be an integer,

Fn: the collection of non-empty subsets of {1,...,n},
M a real analytic compact d-dim. connected manifold (poss. with boundary).

Filtering function:
¢ = (¢plJ)ser, : M" — R

satisfiying the following conditions:

(K2) Invariance by permutation: For J € F, and for (xi1,...,xn,) € M",
if 7 is a permutation of the entries having support included in J, then

gO[J](JjT(l), c. ,a:,r(n)) — gO[J](ZBl, “. ,xn).
(K3) Monotony: For J C J' € F,, ¢[J] < o[J].

Given x = (x1,- -+ ,%n), @(x) induces an order on the faces of the simplex with n
vertices that is a filtration /C(x):

VJ € Fn, J € K(x,r) <= p|[J]|(x) <.



Filtrations revisited

Not: for x = (x1,...,xn) € M™ and for J a simplex, z(J) := (x;) e

(K1)
(K2)

(K3)
(K4)

(K5)

Absence of interaction: For J € F,,, p|J](x) only depends on z(.J).

Invariance by permutation: For J € F, and for (x1,...,x,) € M",
if 7 is a permutation of the entries having support included in J, then

QO[J](CL‘T(D,...,CET(”)) — QO[J](ZL’l,...,ZUn).
Monotony: For J C J' € Fy, o[J] < p[J'].

Compatibility: For a simplex J € F,, and for 5 € J, if p|J|(x1,...,2xn) is not
a function of x; on some open set U of M", then p|J]| = p[J\{j}] on U.

Smoothness: The function ¢ is subanalytic and the gradient of each of its
entries (which is defined a.s.e.) is non vanishing a.s.e..
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(K5') Smoothness: The function ¢ is subanalytic and the gradient of each of its
entries J of size larger than 1 is non vanishing a.e. and for J = {7}, p[{j}] =
0.
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The density of expected persistence diagrams

Theorem: Fix n > 1. Assume that:

e M is a real analytic compact d-dimensional connected submanifold possibly
with boundary,

e X is a random variable on M™ having a density with respect to the Haussdorf
measure H.,,

e /C satisfies the assumptions (K1)-(K5).

Then, for s > 0, E[Ds[K(X)]] has a density with respect to the Lebesgue measure
on the half plane A = {(b,d) € R* : b < d}.



The density of expected persistence diagrams

Theorem: Fix n > 1. Assume that:

e M is a real analytic compact d-dimensional connected riemannian manifold
possibly with boundary,

e X is a random variable on M™ having a density with respect to the Haussdorf
measure Hgn,

e /C satisfies the assumptions (K1)-(K4) and (K5').

Then, for s > 1, E[Ds[K(X)]] has a density with respect to the Lebesgue measure
on A. Moreover, E[Dy|[K(X)]] has a density with respect to the Lebesgue measure
on the vertical line {0} x [0, 00).



The density of expected persistence diagrams

Technical assumption (related to finite-
ness properties of subanalytic sets) that
can be discarded in most cases.

Theorem: Fix n > 1. Assume that: /

o M is a real analytic-i—dimensional connected riemannian manifold
possibly with boundary,

e X is a random variable on M™ having a density with respect to the Haussdorf
measure Hgn,

e /C satisfies the assumptions (K1)-(K4) and (K5').

Then, for s > 1, E[Ds[K(X)]] has a density with respect to the Lebesgue measure
on A. Moreover, E|Do[K(X)]] has a density with respect to the Lebesgue measure
on the vertical line {0} x [0, 00).



The density of expected persistence diagrams

Technical assumption (related to finite-
ness properties of subanalytic sets) that
can be discarded in most cases.

Theorem: Fix n > 1. Assume that: /

o M is a real analytic-tl—dimensional connected riemannian manifold
possibly with boundary,

e X is a random variable on M™ having a density with respect to the Haussdorf
measure Hgn,

e /C satisfies the assumptions (K1)-(K4) and (K5').

Then, for s > 1, E[Ds[K(X)]] has a density with respect to the Lebesgue measure
on A. Moreover, E|Do[K(X)]] has a density with respect to the Lebesgue measure
on the vertical line {0} x [0, 00).

Theorem [smoothness]: Under the assumption of previous theorem, if moreover
X € M"™ has a density of class C" with respect to H,q. Then, for s > 0, the density
of E[D,[IC(X)]] is of class C*.



The Hausdorff measure and the co-area formula

Definition: Let k£ be a non-negative number. For A C R”, and § > 0,
consider

\

Hy(A) == inf ¢ > diam(U;)*, A C | JU; and diam(U;) <6 ¢ .

/

The k-dimensional Haussdorf measure on R” of A is defined by Hy(A) :=
Theorem [Co-area formula]: Let M (resp. IN) be a smooth Riemannian

manifold of dimension m (resp n). Assume that m >n andlet & : M — N
be a differentiable map. Denote by D® the differential of ®. The Jacobian

of ® is defined by J® = /det((D®) x (D®)t). For f: M — R a positive
measurable function, the following equality holds:

/M f(x)J@(x)dHm (z) = /N </e<1>1({ | f(ﬁ)dﬂmn(z)) dHn(y)-




Background on subanalytic sets

Let M C R be a connected real analytic submanifold (poss. with boundary),
of dim. d.

e X C M is semianalytic if any p € M has a neighbourhood U, such that

p q
XﬂUp:UﬂXija

i=1j=1

where X, is either figl({O}) or Z-;l((O, o0)) for some analytic functions f;; :
U — R.

e X C M is subanalytic if for each point of M, there exists a neighborhood
U of this point, a real analytic manifold N and A, a relatively compact
semianalytic set of N x M, such that X N U is the projection of A on M.

e f: X — R is subanalytic if its graph is subanalytic in M x R. The set of
real-valued subanalytic functions on X is denoted by S(X).



Background on subanalytic sets

Let M C R be a connected real analytic submanifold (poss. with boundary),
of dim. d.

e r € X C M is smooth of dimension £ if, in some neighbourhood of x in
M, X is an analytic submanifold (of dimension k).

e The dimension of X is the maximal dimension of a smooth point of X.
e Reg(X): regular points of X, i.e. smooth points of X of dimension d.
e Sing(X): sigular points of X, i.e. the non-regular points.

e Reg(X) is an open subset of M, possibly empty.



Background on subanalytic sets

Let M C R be a connected real analytic submanifold (poss. with boundary),
of dim. d.

Lemma: For f € S(M), the set A(f) on which f is analytic is an open
subanalytic set of M. lts complement is a subanalytic set of dimension smaller

than d.

Lemma: Let X be a subanalytic subset of M and let f,g : X — R be
subanalytic such that the image of a bounded set is bounded. Then

- fg and f + g are subanalytic,
- the sets f~1({0}) and f~1((0,0)) are subanalytic in M.

Lemma: Let X be a subanalytic subset of M. If the dimension of X is
smaller than d, then Hy(X) = 0.



Background on subanalytic sets

Let M C R be a connected real analytic submanifold (poss. with boundary),
of dim. d.

Lemma: For f € S(M), the set A(f) on which f is analytic is an open
subanalytic set of M. lts complement is a subanalytic set of dimension smaller

than d.

Lemma: Let X be a subanalytic subset of M and let f,g : X — R be
subanalytic such that the image of a bounded set is bounded. Then

- fg and f + g are subanalytic,
- the sets f~1({0}) and f~1((0,0)) are subanalytic in M.

Lemma: Let X be a subanalytic subset of M. If the dimension of X is
smaller than d, then Hy(X) = 0.

Consequences:

- Ha(X) = Ha(Reg(X)),

- for any f € S(M), the gradient Vf is defined everywhere but on some
subanalytic set of dimension smaller than d (of zero Hausdorff measure).



Sketch of proof

1. There exists a partition of the complement of a (subanalytic) set of
measure 0 in M"™ by open sets V7,---, Vg such that :

e the order of the simplices of KC(x) is constant on each V..,

e foranyr=1,---, R, and any z € V.,

with r; = (p|J;, (), p|J;,](x)) where N,., J;,, J;, only depends on V..

e J,.,J;, can be chosen so that the differential of

Cir 2z € Vi = 1 = (@l Ji, (%), 0[S, ] (2))

has maximal rank (2).



Sketch of proof

2.The expected diagram can be written as

NE

E[D,K(X)]] = E[{X e VIDJEX)) =Y E |1{X e V) Z 5.

S
> 1
Z

S

&

— E|1{X € V,.}é,]

I\

<
1
— K



Sketch of proof

2.The expected diagram can be written as

R R i N,
BIDKX)] = Y EM{XeVIDKX)] =) F|I1{XeV.}) o,
R N, _ = _
- 3 St
r=1 i=1 Hoir

3. Use the co-area formM

CV,L%r(B) — P((I)ir(x) c B,X c VT)/—* Density of X

_ /u - / g, ) L) d Mg o (x)du

Density of




Persistence images

Persistence diagram
10 1 .

g ®

06 1

04 1

02 1

0.0 0.2 0.4 06 08 10

1] 20 40 FH] 8O

~or K : R* — R a kernel and H a bandwidth matrix (e.g. a symmetric
hositive definite matrix), pose for u € R?, Ky (z) = |H|7Y2K(H~Y2 . )

For D =Y. 4, a diagram, K : R? — R a kernel, H a bandwidth matrix and

w : R? — R, a weight function, one defines the persistence surface of D with
kernel K and weight function w by:

Vz € R?, p(D)(u) = Zw(ri)KH(u —t;) = D(wKg(u—-))



Persistence images

Persistence diagram
10 1 . .

g ®

06 1

04 1

02 1

0.0 0.2 0.4 06 08 10

1] 20 40 FH] 8O

~or K : R* — R a kernel and H a bandwidth matrix (e.g. a symmetric
hositive definite matrix), pose for u € R?, Ky (z) = |H|7Y2K(H~Y2 . )

For D =Y. 4, a diagram, K : R? — R a kernel, H a bandwidth matrix and

w : R? — R, a weight function, one defines the persistence surface of D with
kernel K and weight function w by:

Vz € R?, p(D)(u) = Zw(ri)KH(u —t;) = D(wKg(u—-))

= persistence surfaces can be seen as kernel based estimators of F| D |K(X)]].



The realization of 3
different processes

The overlay of 40
different persistence
diagrams

The persistence images
with weight function
w(r) = (r2 —r1)° and
bandwith selected using
cross-validation.
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A few illustrative applications



Example of application: arrhythmia detection

Objective: Arrythmia detection from ECG data.

= L Encoder J(—‘ : ﬂ
c%, | W : | :
5 -,__\_F,"”"._‘J I\., J H.—+ __
[ Decoder ] I s JUN, S L. : 1 —_— .
— | .* - Betti curves pro-
. Y ] cessed as 1D signal
| [ Subtract ]-(— | ' ] ]
o 1
E [ Reshape l - 'L
& - : - ¥ I_Ju1 ,
— Convolution Convolution 'l
P h 4 l
= -. Y Y * - .*
% Convolution Convolution | Features J [ Discrete FFT ] Convolution Convolution
g S Y . Y
Z
i Convolution Convolution Convolution Convolution
¥ y ¥
E Dense \ / Dense Dense \ /
T ! [ Global Average l l Global Average ] I I [ Global Average ] [ Global Average
2 e Dense -
& I y
=
C [ Softmax ] %‘f /
Accuracy[%]
- Improvement over state-of-the-art. | ucta(ote) 93.4
. . Li et al. (2016) 94.6
- Better generalization.
nria-Fujitsu (2018)* 98.6

c .
FUJITSU o5



TDA and Machine Learning for sensor data
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(Multivariate) time-dependent data can be converted into point clouds:
sliding window, time-delay embedding,...



With landscapes: patient monitoring
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Objective: precise analysis of movements and activities of pedestrians.

Applications: personal healthcare; medical studies; defense.
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Example: Dyskinesia crisis detection and activity recognition:

With landscapes: patient monitoring
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) ";'\ pha Complex M jim 2 - Alpha Complex im ,f“\“ iltration im r‘l .‘"m ion Stand _Sit
An\ II. I TN Y W) Sit-Stand
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|_1 ] II ] Stand-Lie
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Naive
97.6
97.2
99.6
87.1
87.0
92.4
90.8
100.
87.1
81.4
74.2
80.4

Multi
98.4
99.8
99.7
93.1
97.7
100.
95.6
99.9
81.1
81.8
87.6
72.1

FEA
99.3
97.8
99.0
89.7
97.2
99.8
89.1
100.
84.2
85.9
86.5
83.2

QUA
99.0
98.0
98.4
91.8
97.2
99.9
91.3
100.
90.0
91.8
87.4
77.7

TDA
99.5
97.7
98.3
96.5
98.1
100.
93.4
100.
95.1
87.9
81.5
83.2

Results on publicly available

—I— TDA neural network

state-of-the-art.

- Events of interest are often rare and difficult to characterize.
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NAVIGATION TECHNOLOGIES

- Data collected in non controlled environments (home) are very chaotic.
- Data registration (uncertainty in sensors orientation /position).
- Reliable and robust information is mandatory.

data set (HAPT) - improve the

informatics / mathematics




Extra slides



Graph classification using persistent homology

Input: A collection of graphs G1,--- ,G,
belonging to different classes 41, -+ , Y. M
/

Goal: Recover the classes, i.e. build, from P
the input data, a function

f:G—=Y ={y1, - ,us}

that assigns each graph in G to its expected
class.

Unformal assumption (hope): the class of a graph is determined by its
geometric structure.

Simple idea: Build functions encoding the structure of the graphs at different
scales and use their persistence diagrams as features.



Heat Kernel Signature on Graphs

Let G = (V, E) be a non oriented graph with vertex set V = {vy, -+ ,v,}
and adjacency matrix W = (w; ;).

he degree matrix D is the diagonal matrix defined by D, ; = Zj Wi ;.

he normalized graph Laplacian is defined by L,, = I — D :WD 2.

Let ¥ = {41,...,%,} be an orthonormal basis of eigenfunctions of L,, with
corresponding eigenvalues 0 < Ay < .- < )\, < 2.

Definition:
Given t > 0, the heat kernel signature at time ¢t is defined by

hksg¢: v — Z exp(—tAg ) (v)?.
k=1



Heat Kernel Signature on Graphs

Definition:
Given t > 0, the heat kernel signature at time t is defined by

hksgi: v Zexp(—t)\k)wk(v)Q.
k=1

Theorem: [Stability]

Let £ > 0 and let L, be the Laplacian matrix of a graph G with n vertices. Let
G’ be another graph with n vertices and Laplacian matrix L,, = L,,+FE. Then
there exists a constant C'(G,t) > 0 only depending on t and the spectrum of

L., such that, for small enough || F||:

dp(Dg(G,hksg ), Dg(G,hksgr +)) < C(G,t)||[W]|.

Rmk: Here Dg stands for sub-level sets, upper-level sets or extended persistence.
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