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Monday: introduction to TDA and singular homology (Steve)

Tuesday: 1-d persistence theory (Nicolas + Steve)

Wednesday: applications to data analysis (Steve)

Thursday: multi-dimensional persistence (Nicolas)

Friday: Persistence and Sheaf theory (Nicolas)



- Les donnees de ce type apparaissent dans des contextes scientifiques et industriels tres divers. En outre, elles proliferent a un rythme sans precedent, avec notamment la democratisation des appareils d’acquisition bon marche, en premier lieu des capteurs photographiques ou gyroscopiques des telephones portables, ou encore des scanners 3d comme la kinect. Par exemple, pres de 300 millions d’images ont ete uploadees sur Facebook en 2014, et on estime a pres d’un milliard le nombre total d’images echangees sur le Net. - Pour faire face a ce deluge de donnees, il y a aujourd’hui un besoin fort en nouvelles methodes automatiques pour analyser, classer et labeliser les donnees.Context: the data deluge
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Data are becoming ever more massive and complex:

• academia

• industry

• general public
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Data are becoming ever more massive and complex:

• academia

• industry

• general public
Need scalable and robust methods
to analyze and classify these data
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(source: [Lee, Pederson, Mumford 2003])

4 million data points in R9

Motivation: study cognitive representation
of space of images

(source: [Carlsson, Ishkhanov, de Silva, Zomorodian 2008])

Topology



PCA Isomap

Challenges

4

(source: [Lee, Pederson, Mumford 2003])

4 million data points in R9

Motivation: study cognitive representation
of space of images

Topology



like homology groups, or the dimension of their free part (called Betti numbers)

Topological Data Analysis (TDA)
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algebraic invariants for classification

β0 = β2 = 1
β1 = 2

Algebraic topology

Applied algebraic topology

β0 β1 β2

compact set

triangulation

point cloud

topological descriptors for inference and comparison
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Applied algebraic topology

β0 β1 β2

compact set

point cloud

topological descriptors for inference and comparison

Properties of topological descriptors:

• invariance under reparametrizations

• stability under perturbations

• discrimination power



Example: Materials Sciences
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[Y. Lee et al.: Quantifying similarity of pore-geometry in nanoporous materials, 2017]

Nanoporous material (zeolite  nanofilter)
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cavities (size, shape, network) determine
the material’s physical properties

[Y. Lee et al.: Quantifying similarity of pore-geometry in nanoporous materials, 2017]

Nanoporous material (zeolite  nanofilter)



Example: Materials Sciences
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cavities (size, shape, network) determine
the material’s physical properties

→ need for descriptors that can:

reveal these shapes to users

capture shapes hidden in data

[Y. Lee et al.: Quantifying similarity of pore-geometry in nanoporous materials, 2017]

Nanoporous material (zeolite  nanofilter)

be used as features for learning



Example: Materials Sciences
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[Y. Lee et al.: Quantifying similarity of pore-geometry in nanoporous materials, 2017]

cavity

bottleneck

network

sampling

→ effective classification and retrieval, explainable properties



This is our goal at large. To achieve it, we use concepts and tools from algebraic topology (A.T.).The TDA community
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(as of 2002)

Stanford

Duke

(G. Carlsson)

(H. Edelsbrunner)

• 2 research groups (5-10 researchers)



This is our goal at large. To achieve it, we use concepts and tools from algebraic topology (A.T.).The TDA community
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Stanford

IMA, TTI, OSU, U. Conn

Duke

U. Penn

(as of 2016)

Pomona

Rutgers IST Austria (H. Edelsbrunner)

Jagiellonian U.

(G. Carlsson. etc.)

Edinburgh

ETH, U. Bologna

Technion(H. Edelsbrunner, etc.)

• 50-100 researchers working on theoretical foundations

• 200-300 researchers at the interface with applications

• very successful applications and company (Ayasdi)

CIMAT

Tohoku U.

U. Q.

MPI, TUM



Some applications
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• analysis of random, modular and non-modular scale-free networks and
networks with exponential connectivity distribution,

• analysis of social and spatial networks like neurons, genes, online
messages, air passengers, Twitter, face-to-face contact, etc.,

• coverage and hole detection in wireless sensor fields,

• multiple hypothesis tracking on urban vehicular data,

• analysis of the statistics of high-contrast image patches,

• image segmentation,

• 1d signal denoising,

• 3d shape classification/segmentation/matching,

• clustering of protein conformations,

• measurement of protein compressibility,

• identification of breast cancer subtypes,

• analysis of activity patterns in the primary visual cortex,

• identification of hidden networks in the U.S. house of representatives,

• analysis of 2d cortical thickness data,

• refinement of the classification of NBA players,

• discrimination of electroencephalogram signals recorded before and
during epileptic seizures,

• statistical analysis of orthodontic data,

• measurement of structural changes during lipid vesicle fusion,

• characterization of the frequency and scale of lateral gene transfer in
pathogenic bacteria,

• pattern detection in gene expression data,

• study of plant root systems,

• study of the cosmic web and its filamentary structure,

• analysis of force networks in granular matter,

• analysis of regimes in dynamical systems.
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The TDA pipeline in a nutshell
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0

∞

point cloud P

proximity rule homology

barcode (descriptor)

filter: X → R persistence

filtration F
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0

∞

point cloud P

proximity rule homology

barcode (descriptor)

filter: X → R persistence

The 5 pillars of the theory (persistence theory):

• decomposition theorems (existence of barcodes)

• algorithms (computation of barcodes)

• stability theorems (barcodes as stable descriptors)

• statistical frameworks for barcodes

• vectorizations and kernels on barcodes for learning

filtration F
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f : X → R

persistence

Dg f

X topological space

X

R

f

descriptor: persistence barcode / diagram

encodes the topological structure of the pair (X, f)

What are barcodes?
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Generalized Morse theory:

Inside the black box
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Generalized Morse theory:

• Nested family (filtration) of sublevel-sets Ft = f−1((−∞, t]) for t ∈ R
• Track the evolution of the topology throughout the family

f
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Generalized Morse theory:

• Nested family (filtration) of sublevel-sets Ft = f−1((−∞, t]) for t ∈ R
• Track the evolution of the topology throughout the family

• Finite set of intervals (barcode) encodes births/deaths of topological features

f

Inside the black box
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α

β

X

R

Generalized Morse theory:

α

β

∞

• Nested family (filtration) of sublevel-sets Ft = f−1((−∞, t]) for t ∈ R
• Track the evolution of the topology throughout the family

• Finite set of intervals (barcode) encodes births/deaths of topological features

f

• Alternate representation as a multiset
of points in the plane (diagram).

Inside the black box
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fP : R2 → R
x 7→ minp∈P ‖x− p‖2

4 8 12 16 20 24 28 320

Example: distance function

topology:

• connected components

• holes

• voids ...
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fP : R2 → R
x 7→ minp∈P ‖x− p‖2

4 8 12 16 20 24 28 320

Example: distance function

topology:

• connected components

• holes

• voids ...

homology

topology:

• connected components

• holes

• voids ...



Homology of sublevel sets

k
( 10 ) // k2

( 0 1 ) // k
( 01 ) // k2

( 1 0
0 1 ) // k2 · · ·
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Homology of sublevel sets

k
( 10 ) // k2

( 0 1 ) // k
( 01 ) // k2

( 1 0
0 1 ) // k2 · · ·

13

(homology functor)
k

⊆ ⊆ ⊆ ⊆

tomorrow

today
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γ
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x ≡ y ⇐⇒ ∃γ s.t. {x, y} = ∂γ
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An invariant that captures ”holes” of all dimensions in a topological space

X

x
y

γ

γ′ γ1

γ2

x ≡ y ⇐⇒ ∃γ s.t. {x, y} = ∂γ

γ′ ≡ 0 ⇐⇒ ∃Σ′ s.t. γ′ = ∂Σ′

γ1 ≡ γ2 ⇐⇒ ∃Σ s.t. γ1 ∪ γ2 = ∂Σ

x− y

γ1 − γ2

cycles ← ker ∂ boundaries ← im ∂

∂ : linear operator

x, y, γ, γ′γ1, γ2,Σ,Σ
′ : elements of some module

Σ′

Σ

homology ← ker ∂/im ∂


