
the stability property is easiest to describe in the functional setting

Stability of persistence barcodes/diagrams
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diagram ≡ multiset of points

/ diagram

barcode ≡ multiset of intervals



Stability of persistence barcodes/diagrams

X

R

f

∞

sublevel-sets filtration → barcode

X topological space, f : X → R function

g

1

/ diagram



Distances between persistence diagrams
Input: Two persistence diagrams X,Y

2

cost of a matched pair (x, y) ∈ Γ: cp(x, y) := ‖x− y‖p∞

cost of an unmatched point z ∈ X t Y : cp(z) := ‖z − z̄‖p∞

cost of Γ:

cp(Γ) :=

 ∑
(x, y) matched

cp(x, y) +
∑

z unmatched

cp(z)

1/p

Given a partial matching Γ : X ↔ Y :

x
yz

z̄

∆(2)
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Def: p-th diagram distance (extended pseudometric):

dp(X,Y ) := inf
Γ:X↔Y
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Def: bottleneck distance:

d∞(X,Y ) := lim
p→∞

dp(X,Y )
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Theorem: For any pfd functions f, g : X → R,

d∞(dgm f, dgm g) ≤ ‖f − g‖∞
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Let f, g : X → R be pfd, and let ε = ‖f − g‖∞.

• Key observation:

Ft := f−1((−∞, t])

Gt := g−1((−∞, t])

{Ft}t and {Gt}t are ε-interleaved w.r.t. inclusion:

∀t ∈ R, Gt−ε ⊆ Ft ⊆ Gt+ε

α
α+ ε

X

R

A simple (suboptimal) proof
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Let f, g : X → R be pfd, and let ε = ‖f − g‖∞.

• Discretization ⇒ pixelization effect on the barcodes / diagrams:
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Pixelization map: ∀α ≤ β,

π2ε(α, β) =


(d α

2ε
e2ε, d β

2ε
e2ε) if d β

2ε
e > d α

2ε
e

(α+β
2
, α+β

2
) if d β

2ε
e = d α

2ε
e

Proposition: If f : X → R is pfd, then π2ε
induces a bijection dgm f → dgm f2ε.
Moreover, d∞(dgm f, dgm f2ε) ≤ 2ε.

proof: discretization is an additive functor,
whose effect on each summand (taken
independently) is to discretize its support.
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· · · ⊆ F0 ⊆ Gε ⊆ F2ε ⊆ · · · ⊆ F2nε ⊆ G(2n+1)ε ⊆ · · ·

(homology functor)
k

· · · → H•(F0)→ H•(Gε)→ H•(F2ε)→ · · · → H•(F2nε)→ H•(G(2n+1)ε)→ · · ·



From sup-norm perturbation to interleaving
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· · · // H•(F2nε)

''

// H•(F(2n+2)ε) // · · ·

· · · // H•(G(2n−1)ε)

77

// H•(G(2n+1)ε)

66

// · · ·

Weak version of interleaving: (used in previous proof)

Interleaving:

H•(Ft−ε)

''

// H•(Ft+ε)

H•(Gt)

77 H•(Fs+ε) // H•(Ft+ε)

H•(Gs) //

77

H•(Gt)

77

H•(Ft)

''
H•(Gt−ε)

77

// H•(Gt+ε)

H•(Fs) //

''

H•(Ft)

''
H•(Gs+ε) // H•(Gt+ε)



From sup-norm perturbation to interleaving
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Categorical viewpoint: For M,N : (R,≤)→ vectk

• morphism: natural transformation M ⇒ N

M(s) //

��

M(t)

��
⇓

N(s) // N(t)



From sup-norm perturbation to interleaving
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Categorical viewpoint: For M,N : (R,≤)→ vectk

• morphism: natural transformation M ⇒ N

• ε-shift/smoothing endofunctor:

M(s) //

��

M(t)

��
⇓

N(s) // N(t)

−[ε] : M 7−→M [ε] s.t. M [ε](t) = M(t+ ε)

(obvious effect on internal maps and morphisms)

∃ ξ : M ⇒M [ε] given by ξ(t) := M(t→ t+ ε)
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note: initially, there are no non-trivial morphisms kb → kb′ nor kb′ → kb

From matching to interleaving

6

Given barcodes B,B′ (locally finite sets of intervals of R), and Γ : B ↔ B′:

• for (b, b′) matched, the constant modules kb, kb′ are c∞(Γ)-interleaved

• for b unmatched, kb is c∞(Γ)-interleaved with the trivial module 0

b′
b

b′[ε]

b[ε]

id

id

[Lesnick 2011] [Chazal et al. 2016]
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In some sense, this is like a forgetful functor. There is indeed a way to turn the set of barcodes into a category, by taking as morphisms special types of matchings that match only pairs of compatible intervals. In fact, this category is equivalent to the category of barcodes with the full set of matchings (not just the compatible ones). However, it is not equivalent to the category of barcodes with the full set of linear combinations of matchings, which is equivalent to the category of 1-d persistence modules

note: initially, there are no non-trivial morphisms kb → kb′ nor kb′ → kb

From matching to interleaving

6

Given barcodes B,B′ (locally finite sets of intervals of R), and Γ : B ↔ B′:

• for (b, b′) matched, the constant modules kb, kb′ are c∞(Γ)-interleaved

• for b unmatched, kb is c∞(Γ)-interleaved with the trivial module 0
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⊕
b∈B

kb and
⊕
b′∈B′

kb′

b′
b

b′[ε]
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Note: this construction defines a (not fully) faithful functor Barcodes→ vect
(R,≤)
k

[Lesnick 2011] [Chazal et al. 2016]



From interleaving to matching

7

1. interpolation at functional level (soft+hard) [Cohen-Steiner et al. 2005]

2. discretizations (loose bound) [Chazal et al. 2009]

3. interpolation between modules [Chazal et al. 2009-2016]

4. matchings induced from morphisms [Bauer, Lesnick 2014]

5. Hall’s marriage theorem [Bjerkevik 2016]

Approaches:



From interleaving to matching
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Interpolation between modules:

Given M,N : (R,≤)→ Vectk with di(M,N) = ε, find (Uα)0≤α≤ε such that:

• U0 'M , Uε ' N
• ∀0 ≤ α ≤ β ≤ ε, di(Uα, Uβ) ≤ β − α
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Embed (R,≤) into (R2,≤) (w. product order) as ∆t for an arbitrary t ∈ R+

M : (∆0,≤)→ Vectk N : (∆ε,≤)→ Vectk

ε-interleaving (φ, ψ) yields functor F : (∆0 ∪∆ε,≤)→ Vectk
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Interpolation between modules:

Given M,N : (R,≤)→ Vectk with di(M,N) = ε, find (Uα)0≤α≤ε such that:

• U0 'M , Uε ' N
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Embed (R,≤) into (R2,≤) (w. product order) as ∆t for an arbitrary t ∈ R+

M : (∆0,≤)→ Vectk N : (∆ε,≤)→ Vectk

ε-interleaving (φ, ψ) yields functor F : (∆0 ∪∆ε,≤)→ Vectk

≡ functor G : (∆[0,ε],≤)→ Vectk

use left Kan extension of

G(t) := lim−→F |s≤t∈∆0∪∆ε

G(s→ t) given by universality of colimit

∆0 ∪∆ε ↪→ ∆[0,ε]:

interpolating family (Uα)0≤α≤ε


