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What is topology!?
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It is the branch of mathematics
which does not distinguish between
a teacup and a bagel

e —

one popular answer
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Digression: what is topology?

Topology gives answers to qualitative questions
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Point-cloud topology

» Topological structure in statistical
data

» density estimation and modality

» approximation by simplicial complexes
» Assume data have been sampled

from some unknown space

» can we measure topological features of
the hidden space!?

can we assign confidence values to these
measurements!?

» What does “topology’” mean for a
cloud of data points!?
» persistent homology

» spectral theory for point clouds

. : A An Introduction to Zigzag Persistence
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» Algebraic topology measures qualitative features of a space X
» How many components!
» How many tunnels/voids?

» How do paths and loops deform within X?

» These are measured by algebraic invariants
» fundamental group 11(X)

» homology groups Hi(X) and Betti numbers by(X)
» products H;(X) x H(X) = Hj+(X)

» Can we compute these invariants from a finite sample ¥ CX?
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» For an object in 2D space
> is the number of components

> is the number of holes

» For an object in 3D space

> is the number of components
) is the number of tunnels or handles
3 is the number of voids

» (and so on, in higher dimensions)

D pages.pomona.ed ds04 74
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hidden/unknown
space X
)
finite sample
YcX
)
simplicial complex
S = S(Y)
)

homology
invariants of S
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» Various constructions for S(Y)

» Cech complex (folklore)

» Rips—Vietoris complex (folklore) hidden/unknown

. space X
» «-shape complex (Edelsbrunner, Mucke) 4

» witness complexes (Carlsson, dS) ﬁnit$ gznple

» Desire theorems of the form: S‘mP'gCE'SC(g’(')“P'eX

A 4
IfY is well-sampled from X homology

invariants of S
then S(Y) = X

» e.g. Niyogi-Smale—Weinberger
(2004), Cech complex

Vin de Silva > TR B e B An Introduction to Zigzag Persistence
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» Betti numbers are

» Topological spaces

>
>

» Finite point-clouds

>
4

» Therefore, raw Betti numbers are

>
>

Thursday, July 9, 2009

topological spaces are continuous

the space of topological spaces is

point-clouds are

the space of point-clouds is continuous

v very handy for topological spaces

X a bit dangerous for point-clouds
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hidden/unknown
space X

¥

finite sample
YcX

)

complex

S(1) = S(%,)

¥

persistent
homology of S(1)
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finite sample
YcX

complex

(1) = 5(Yyr)

» Cech complex

k
o = lag,...,a,] € Cech(X,¢) < m Be(a;) # ()
i=0

» Rips complex
,ak] € Rips(X,€) & |a; —a;| <€, Vi, j
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And the Oscar goes to...
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video by Afra Zomorodian

Witness Complexes -- Mumford Dataset
Vin de Silva & Gunnar Carlsson

An Introduction to Zigzag Persistence

Vin de Silva : : :
hittos/ A Ra0es bomlanaeta st Workshop on Topological & Geometrical Data Analysis
L2 Dl POINONLLCCL A Gk iy 2 Paris, July 2009

Thursday, July 9, 2009 14


http://math.stanford.edu/~silva/
http://math.stanford.edu/~silva/

Monotone increasing family of spaces
X ={X.]e>0} suchthat X.C X ife<¢
Persistent homology
rank [H,(X.) — H,(Xo)] forall e <¢

Barcode (Edelsbrunner, Letscher, Zomorodian '00)

» finite collection of intervals [b;,di)

» [b,d) indicates feature born at time b, dies at time d

Stability theorem (Cohen-Steiner, Edelsbrunner, Harer ’07)

» barcode depends continuously on the underlying data

» see also Chazal, Cohen-Steiner, Glisse, Guibas, Oudot '09

Continuous measurements (interval length) coupled to
discrete information (number of intervals)
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Persistence module theory

» Spaces

X1 > Xo
» Persistent homology

» Barcode algebra (Carlsson, Zomorodian ’05)
» H(X) is naturally a module over polynomial ring k[t]

» = has unique representation as a sum of indecomposables

indecomposable summands depicted as barcode intervals

calculate decomposition using linear algebra over k]t]

Vin de Silva | e 2 An Introduction to Zigzag Persistence
i s Workshop on Topological & Geometrical Data Analysis

ntp.//pages.pomonad.edu/~VasVa /s // .
http://pages.pomona.edu/~vds04747/ Paris, July 2009
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Decomposition into summands

» Examples of indecomposable summands
Id Id
O —0 ——7>k —k ——kk—0
0O —%k—0——>0——>0——>0
» Example of decomposable system

0 — k —— k2 29— 0 ——0
» (decomposition depends on f,g)
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Visual Image Patches
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Lee, Pedersen, Mumford (2003) studied the local statistical properties
of natural images (from Van Hateren’s database)

3-by-3 pixel patches with high contrast between pixels: are some
patches more likely than others!?

Carlsson,VdS, Ishkhanov, Zomorodian (2004,2008): topological
properties of high-density regions in pixel-patch space

61 62 6"3 64 e5 66 67 68
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~4.2 million high-contrast 3-by-3 patches selected randomly from
images in database.

Normalise each patch twice: subtract mean intensity, then rescale to
unit norm.

Normalised patches live on a unit 7-sphere in 8-dimensional space
with the following basis:

61 62 6"3 64 e5 66 67 68
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» LPM2003 found that the distribution of
patches is dense in the 7-sphere.

» There are high-density regions:

» edge features

» Can we describe the structure of the high-
density regions!?
» threshold by k-nearest-neighbour density estimator

Vin de Silva
http://pages.pomona.edu/~vds04747/

Thursday, July 9, 2009

An Introduction to Zigzag Persistence

Workshop on Topological & Geometrical Data Analysis
Paris, July 2009

21


http://math.stanford.edu/~silva/
http://math.stanford.edu/~silva/

Vin de Silva

LPM2003 found that the distribution of
patches is dense in the 7-sphere.

There are high-density regions:

» edge features

Can we describe the structure of the high-
density regions!?

» |threshold by k-nearest-neighbour density estimator

http://pages.pomona.edu/~vds04747/

Thursday, July 9, 2009

An Introduction to Zigzag Persistence

Workshop on Topological & Geometrical Data Analysis
Paris, July 2009

21


http://math.stanford.edu/~silva/
http://math.stanford.edu/~silva/

QOO

)

an
<>

e

o
R

-
-

- :n

(N N

-

-
-

© ©6 6 0 ©
©O © 6 6 ©
©O © 6 6 ©
O & © 6 ©
J O O © 6 ¢
o 0 O O 06 @
0 0 O © 0 ¢
O O © © ©
O O O O ©
O O O O ©

An Introduction to Zigzag Persistence

Vin de Silva S e EDANEE G S : : :
bt b s i G kg Workshop on Topological & Geometrical Data Analysis
AULD://PASES.DOTMONA.CCU/ ~VASIR /2 1/ AT Paris, July 2009

Thursday, July 9, 2009 22


http://math.stanford.edu/~silva/
http://math.stanford.edu/~silva/

ThUI’Sday’ JUly 9, 2009

(toy example)

Q
O/
Q

Q
>


http://math.stanford.edu/~silva/
http://math.stanford.edu/~silva/

ThUI’Sday’ JUly 9, 2009

(toy example)

Q
O/
Q

Q
>


http://math.stanford.edu/~silva/
http://math.stanford.edu/~silva/

ThUI’Sday’ JUly 9, 2009

(toy example)

O

Q
O/
Q

Q
>


http://math.stanford.edu/~silva/
http://math.stanford.edu/~silva/

ThUI’Sday’ JUly 9, 2009

o

ds(4 74

(toy example)



http://math.stanford.edu/~silva/
http://math.stanford.edu/~silva/

Thursday, July 9, 2009

.A

(toy example)



http://math.stanford.edu/~silva/
http://math.stanford.edu/~silva/

ThUI’Sday’ JUly 9, 2009

()4

(toy example)



http://math.stanford.edu/~silva/
http://math.stanford.edu/~silva/

ThUI’Sday’ July 9, 2009

.A

P

)‘.,

(toy example)



http://math.stanford.edu/~silva/
http://math.stanford.edu/~silva/

ThUI’Sday’ JUly 9, 2009

()4

(toy example)

o

Q
O/
Q
>


http://math.stanford.edu/~silva/
http://math.stanford.edu/~silva/

ThUI’Sday’ JU|y 9, 2009

()4

(toy example)

(7o

Q
o/
Q

Q
>



http://math.stanford.edu/~silva/
http://math.stanford.edu/~silva/

(toy example)
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(toy example)
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(toy example)

coarse
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Varying the density parameter

(toy example)

coarse
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A small platter of cuts

10%

20%
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Vin de Silva
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3 circles explained

linear gradients vertical features horizontal features
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The secondary circles

vertical features horizontal features

Why is there a predominance of vertical/horizontal local features?

Artefact of the square patch shape!
Artefact of the natural world?

An Introduction to Zigzag Persistence

Vin de Silva P : . i
hittos/ A Ra0es bomlanaeta st | Workshop on Topological & Geometrical Data Analysis
attp.//pages.pomond.edu/~vasus /s // Paris, July 2009

Thursday, July 9, 2009 31


http://math.stanford.edu/~silva/
http://math.stanford.edu/~silva/

(Vg
-
S
0.0
.
O
O,
e’
D
-
S
g
-
et
-
2

32

Thursday, July 9, 2009



QO OD

an
o

A«

o
R

->
-

- :n

(N N N

=g

-
-

© ©6 6 0 ©
©O © 6 6 ©
O © 6 0 ¢
O & &6 0 ©
J O O © 6 ¢
o 0 O O O O
0 0 O © © ¢
O O © © ©
O O O O ©
O O O O @

An Introduction to Zigzag Persistence

Vin de Silva $ NEAiEE L : : .
Bitb ey haes oo pree s e g e AR Workshop on Topological & Geometrical Data Analysis
HHD://PAsEs. POINONA.CA/ ~ VLS /3 /7 R el Paris, July 2009

Thursday, July 9, 2009 33


http://math.stanford.edu/~silva/
http://math.stanford.edu/~silva/

monotone
20%

vary scale epsilon
fix density parameter
fix percentage
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fix scale epsilon
fix density parameter
vary percentage
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Example: time-varying complex X = {X; | t real}.

Example: 30% strained data soup, varying the
smoothing parameter.

Example: witness complex with fixed vertex set,
varying the set of witnesses.

How do the features of X change as t varies!?

» New cell appears K= XU
» Old cell disappears X +— X\7
» Inclusion map directions vary arbitrarily, e.g.
s Xy — X; —— Xy ——— - -

Can we do non-monotone persistence!?

. ) ' i e ' ' Persisten
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Various diagram structures

standard persistence 2-parameter persistence

AN AN

X04>X1—>X2%X3—>

standard persistence (dual)

Xog¢+— Xj +— Xop +— X3 +—

zigzag persistence

X/Y\X/YQ\X

2
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standard persistence 2-parameter persistence

AN AN

X04>X1—>X2%X3—>

standard persistence (dual)

Xog¢+— Xj +— Xop +— X3 +—

zigzag persistence

X/Y\X/YQ\X/

Persistence over general diagrams!
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A quiver is a directed (multi-)graph:

» nodes
QO——m0—0—0
> arrows

A representation of a quiver Q has:

» a vector space for every node (o) O Vi Vo
» alinear map for every arrow \ / fl\A /fz
O W

General question: classify representations of a given quiver Q.

What would be the ideal answer?
» unique decomposition into indecomposable representations
» + explicit list of indecomposables

» + algorithm to determine decomposition type

L R Cigag ek An Introduction to Zigzag Persistence
s ~ Workshop on Topological & Geometrical Data Analysis

ntp.//pages.pomonad.edu/~VAasVa /s // .
http://pages.pomona.edu/~vds04747/ Paris, July 2009
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» A quiver is a directed (multi-)graph:

» nodes
QO——m0—0—0
> arrows

» A representation of a quiver Q has:

» a vector space for every node (o) O Vi Vo
» alinear map for every arrow \ / fl\A /fz
O W

» General question: classify representations of a given quiver Q.

» What would be the ideal answer?

» unique decomposition into indecomposable representations
» + explicit list of indecomposables

» + algorithm to determine decomposition type

Gabriel (1972): this is very rarely possible!
Carlsson, Zomorodian (2007): 2-parameter persistence is “hard”
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Quivers

Example (o)
Typical representation %4

Indecomposable representations (over complex numbers)

C

Classifying invariant dim (V)
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Quivers

» Example @

» Typical representation |/ % V

» Indecomposable representations (over complex numbers)

» Classifying invariant
generalised eigenspectrum of f
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Quivers

» Example @

» Typical representation |/ % V

» Indecomposable representations (over complex numbers)

S el
(g eassaisa()

Jordan blocks

» Classifying invariant
generalised eigenspectrum of f
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Quivers

» Example

o—©0

» Typical representation /

V— W

» Indecomposable representations (over complex numbers)
1
e 4 G

C > 0

0 P (€
» Classifying invariants
rank(f), nullity(f), nullity (f*)
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Quivers

» Example .—>.—>.—>.

» Typical representation Vo 1 vy Ly

» Indecomposable representations (over complex numbers)

» Classifying invariants
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Quivers

» Example .—>.—>.—>.

» Typical representation Vo 1 vy Ly

» Indecomposable representations (over complex numbers)
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Quivers
» Example .—>.—>.—>.
» Typical representation Vo 1 vy Ly

» Indecomposable representations (over complex numbers)
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» Classifying invariants
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» Example
» Typical representation Vo 1 vy Ly

» Indecomposable representations (over complex numbers)
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» Classifying invariants  rank (V; — V;

(@)
VAN
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» Example
» Typical representation Vo 1 vy Ly

» Indecomposable representations (over complex numbers)
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» Classifying invariants  rank (V; — Vj),

VAN
<

relation: rank [V; — V] Z multiplicity of [b, d]
[b,d] 2[i,4]
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A quiver Q is of finite type if there is a unique decomposition
theorem with a finite list of indecomposables.

Gabriel (1972): Q is of finite type iff its underlying undirected graph is
one of the following:

» The dimension vectors of the indecomposables are given by the
positive roots of the associated Dynkin lattices.

Corollary: interval decomposition for all quivers of type An
= zigzag persistent homology!
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» Example
» Typical representation Vo 1 vy Ly

» Indecomposable representations (over complex numbers)
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» Classifying invariants  rank (V; — Vj),

VAN
<

relation: rank [V; — V] Z multiplicity of [b, d]
[b,d] 2[i,4]
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Quivers

» Example .—>.—>.—>.
» Typical representation Vo 1 vy Ly

» Indecomposable representations (over complex numbers)
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» Classifying invariants (not so obvious)
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» Construct barcode inductively (left to right).

» At step k, we have
» a filtration of vector space Vk 0=RyC R, C---C Ry =V,
» a birth-time index vector b = [b1,bo,...,0bk]

» interpretation: vectors in (R \ R./) are born at time b.

» Update step:
» compute the filtration on Vi«.

» output list of intervals which terminate at V..
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V1—>V2—>V3

Vi Va Va3

SN0

(figures by Dmitriy)
Vl — V2 S Vg
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Inductive step
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» X any space with a (tame) real-valued function f.

» Define the levelset zigzag of (X,f):

0 1 1 2 2 n—1 n n
XNg == N g =0 &0 e T o e O

X =]
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The pyramid theorem
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A vast commutative diagram

X5
O/l:
Xo
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A vast commutative diagram
(X5, 5X) (X5,1X) (X5, 0X)

BN = - BN = - Bl = -

(X5, X5) (X5,1X) (X5, 0X) (X5, XY)

(X5, X0) (X5, X3)

1 (X3, x3)

/g) o s X*\
/ c \ / :I '\ ke l:\

I
E C ;s
S=rg U
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A vast commutative diagram

(X5,5X) (X5,1X) (X5, 0X)
(X5, 1X) (X5, 6X) (X5, X7)

Y. Y Y. P v
(X5, 0X) (X3, X3)

(X3, X3)

=
S=rg U
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A vast commutative diagram

(X07 2X) (Xga %X) (ng (1)X)

(X5,1X) (X5, 6X) (X5, X7)
(X5, Xp) (X5, 0X) (X5,X5)

(XS XO) (XB XS) (X3 XS)

B Y. N Yoo,

. Xo) .

1 XO)

e
/
\ /

XO

(In homology, there are connecting maps from the top edge to =
the bottom edge turning thIS into a commutative MObIUS band ) D= U
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A vast commutative diagram
(X5, 5X) (X5,1X) (X5, 0X)

(X3 3%) (X3, %3)

=
S=rg U
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A vast commutative diagram

(X5, 3X) (X5, 1X) (X35 0X)
(X5, X5) (X5, 1X) (X5, 6X) (X5, X37)
o “ Y Fo Y F G 7.
(X5, Xo) (X5, 0X) (X5, X3) N
(X35 Xo) (X5, X0) (X5, X3) (X1, X35)

(X5, Xo) X5 (X, X5)

(X0, Xo) X5 Xi (X3, X5)

R Vo /bo P i \ S ons,
B, . X3 xcy N
¥ p /c \ : / \ : / \ :
X0 X3 X5 X3

| e
X‘Z 5 f 1[7’7]]
Cohen-Steiner, Edelsbrunner, Harer:  Extended persistence of (X,f) gx = Xé’?
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A vast commutative diagram
0. (X5, 2X) (X5,1X) (X5, 0X)
(X5, X5) (X5, 1X) (X5, 0X) (X5, X7)
7 O~ Ny . i . B ‘.
(X5, X5) (X5, 0X) (X5, X3)

(X5, X5) (X5, X0) (X5, X3) (X7, X3)

(X5, X0) 1, X3)

h r /ao\ v

(X0, Xo) (X3, X5)

) P |
0 1 2
Xo X3 X3 X3

|
I X‘Z 5 f_l[iaj]
Cohen-Steiner, Edelsbrunner, Harer: | Extended persistence of (X,-f) B=SG e

P ]
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A vast commutative diagram

(X5, 5X) (X5, 1X) (X5 0X)
(X5, X5) (X5,1X) (X5, 6X) (X5,X3)
> K N Y. N Y. P Yo
., (X5, Xp) (X5 0X) (X5, X5)
(X5, %) (X5,%0) (X5,%3) (X3,%5)
@ ( (XQ XO 3 XS)

(X0, Xo) (X3, X5)

Xp N Xy
" e Foo p » x\ o e S
0 1 2
: <0 /c \ 1 / \ 52 / l:\ 53
0 1 2 3

I
| ' X! =7,
Up-down persistence of (X/f) IX = X§ UX3
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Mayer—Vietoris Diamond Principle

UuvVv

PN

X1 ¢ - 4> X 20— U V +— Xgao — -+ +— X,

~
unv
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RN

X1 ¢ - 4> X 20— U V +— Xgao — -+ +— X,

~
unv

An Introduction to Zigzag Persistence

Vin de Silva : : :
hittos/ A Ra0es bomlanaeta st Workshop on Topological & Geometrical Data Analysis
L2 Dl POINONLLCCL A Gk iy 2 Paris, July 2009

Thursday, July 9, 2009 73


http://math.stanford.edu/~silva/
http://math.stanford.edu/~silva/

Mayer—Vietoris Diamond Principle

UuvVv

PN

X1 ¢ - 4> X 20— U V +— Xgao — -+ +— X,

.
Uunv

An Introduction to Zigzag Persistence

Vin de Silva : : :
hittos/ A Ra0es bomlanaeta st Workshop on Topological & Geometrical Data Analysis
L2 Dl POINONLLCCL A Gk iy 2 Paris, July 2009

Thursday, July 9, 2009 73


http://math.stanford.edu/~silva/
http://math.stanford.edu/~silva/

Mayer—Vietoris Diamond Principle

UuVv

RN

X1 ¢ - > X 20— U V — Xgio ¢ - +— X,

.
Uunv

Both zigzags encode the same information in persistent homology:
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Mayer—Vietoris Diamond Principle

UuVv
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Uunv
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Mayer—Vietoris Diamond Principle

UuVv

RN

X1 ¢ - > X 20— U V — Xgio ¢ - +— X,

.
Uunv

Both zigzags encode the same information in persistent homology:

homological dimension shift
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The pyramid theorem

(X3, 5X) (X3, 1X) (X5 0X) ,.
(X3, 1X) (X5 0X) (X5, X7)

0) (X5, 0X) (X5, X3)

(X5, X0) (X5, X5) (XY, X5)

O -

(XY, X3)
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(Xg,gX) (X071 ) (X?)v(l)x)

(X5, X3) (x3,3%) (X3, 2%) (X5, X3)
Y.

7 O~ BN = Bl = Sl =~ e
(X5,X5) (X5, 6X) (X5,X3) o0
(X3, Xp) (X5, Xp) (X5, X3) (X ,X3)

g - IO S~ / (BN S

(Xé,x") (X?,X3) )

(X, X5) (X X5

N - /b : I\ -7 GG V@
/l: ~ / :I \ A 1.‘\ )

. |
Every diamond is Mayer—Vietoris.

Thus all monotone paths from left to right carry the same zigzag persistent
information (rearranged, with dimension shifts).

In particular, the following carry equivalent information:

Extended persistence of (X,f) |Extended persistence of (X,-f)

Levelset zigzag persistence of (X,f) Up-down persistence of (X,f)
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Type 1

Type 11

Type 111

Type IV

1<

1<

i<

1<

RO oy

| ai, a;)

[X5x5, ]

(@i, a;]

[XE 1% ]

[ as, a5 ]

(x4, %77, ]

(@i, a;)

UD

(x5, %377 ]

| ai, a;)

RYFp Y

(@i, a, ]

[ X0, X5, ]

| as,a; ]

[x3,x2 1"

laj,@:]"

EP(f)

[X5,%37" ]

| ai, ;)

[(Xz, X)), (X8, xp) )"

[C_Lj7a'i)+

| X5, (X5, X7) |

[as, ;)

(X3, (xz,xp)]*

[a’j7a/i)+

EP(—f)

(@5,

(6o o)

[ X7, X7, ]

(@, a; ]

—1
[ (X5, X6 7), X7,

(@i, a;]

]

(X, X370, X, |7

(@7

Vin de Silva
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Extended persistence of (X,f)

» In particular, the following carry equivalent information:

Extended persistence of (X,-f)

Levelset zigzag persistence of (X,f) Up-down persistence of (X,f)
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Example: LZZ to UD
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Example: LZZ to UD

L 2

N\
&%%
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Stability of levelset zigzag persistence

» follows from stability of extended persistence

Symmetry theorem for extended persistence

» extended persistence for (X,f) and (X,-f) record same information as LZZ

Explanation of Interval Persistence (Dey, VWenger '07)
» interval persistence of (X/f) recovers intervals of types [b,d) and (b,d) in LZZ
» interval persistence of (X,-f) recovers intervals of types (b,d] and (b,d) in LZZ

» zigzag persistence algorithm computes interval persistence efficiently

Space efficient computation of extended persistence

» at most, calculations involve the band between two adjacent levelsets

(as opposed to the whole space so far)

Vin de Silva A5 iR ' i An Introduction to Zigzag Persistence
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http://pages.pomona.edu/~vds04747/

Thursday, July 9, 2009 80


http://math.stanford.edu/~silva/
http://math.stanford.edu/~silva/

Thank you
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(X5, 1X) 5 0
X?) BX XB QX XB X?)
(X5, 1X) (X3, 0X) (X5, X7)
1 (X3 3x) (XS XS)
0 020 0y “>2
N (-

(x3, X0) (x3, X3) X3 %3)

sl l:l: \Tegt/ I:I: h (X3 XS)W7 JE "

(X XO
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oo ool

6 3 4 AN
@’ : 41‘*\ R\
RN,
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